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Abstract: At the nanoindentation test, the tilt of the indenter or specimen surface can occur. This deviation 
influences the projected contact area, which is important for the evaluation of the Young modulus  
and hardness. This paper is aimed on the derivation of the analytical expressions for the projected contact 
area if the indenter is tilted in 3D space. Then the projected contact area is the same as the area of indenter 
cross-section by the plane corresponding to the specimen surface. The calculated results for tilted and ideal 
indenter were compared and the influence of the indenter tilt was evaluated. The cross-sections were plotted 
for few indenter tilts to better describe the change of the projected contact area. The results show that indenter 
tilt can have significant impact on the results if the indenter tilt is big enough. 
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1. Introduction 

The nanoindentation test is well-known method for determination of the Young modulus and hardness  
of the tested specimen (Oliver, 1992). To obtain correct results, the projected contact area to the specimen 
surface has to be known. This area is influenced by the indenter or the specimen tilt in 3D space. When the 
specimen is tilted, the projected contact area is the same as the area of indenter cross-section by a plane  
of specimen surface. The analytical expressions for the area of the sections of mostly used Berkovich 
indenter (Fig. 1), which has the shape of the three-sided pyramid, were already derived (Shi, 2013). 
However, simplifications, which could have influence to the calculated results, were used; therefore, 
derivation of expressions will be done without these simplifications in this paper to evaluate the influence 
of the specimen tilt on the projected contact area and results of nanoindentation more precisely. 

 
Fig. 1: Berkovich indenter. 
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2. Derivation of the analytical expressions 

The modified Berkovich indenter, here referred to as Berkovich indenter, is defined by only one parameter, 
which is the angle between the z-axis and the center of the side of the indenter at the section of the indenter 
(𝛼 in Fig. 2). The commonly used value of this parameter is 𝛼 = 65.3 ° (Borodich, 2003). To make  
the following derivation more clear, the opposite angle (𝜑) was used. The relation between these parameters 
is given by (1). 

 
Fig. 2: Section of the Berkovich indenter by xz-plane. 

 tan 𝜑 = 2 · tan 𝛼 (1) 

2.1. Parametrization of the indenter edges 

If the indenter is cut by a plane, the cross-section is triangular, with the apexes at the intersection of the 
cutting plane with indenter edges. From the geometry of the indenter (Figs. 1 and 2), the unit vectors  
of indenter edges were derived and because all edges come out from the origin of the coordinate system  
(point A), the parametric equations of the edges can be expressed by (2) ÷ (4). The parameter can reach  
the infinity, because the indenter was expected as unbounded from the upper side. 

 𝑝:    𝑥 =
୲ୟ୬ ఝ·௣భ

ඥ୲ୟ୬మ ఝାଵ
 ;   𝑦 = 0 ;   𝑧 =

௣భ

ඥ୲ୟ୬మ ఝାଵ
         𝑝ଵ𝜖⟨0; ∞) (2) 

 𝑞:    𝑥 =
ି ୲ୟ୬ ఝ·ୱ୧୬ ଷ଴°·௣మ

ඥ୲ୟ୬మ ఝାଵ
 ;   𝑦 =

୲ୟ୬ ఝ·ୡ୭ୱ ଷ଴°·௣మ

ඥ୲ୟ୬మ ఝାଵ
 ;   𝑧 =

௣మ

ඥ୲ୟ୬మ ఝାଵ
         𝑝ଶ𝜖⟨0; ∞) (3) 

 𝑟:    𝑥 =
ି୲ୟ୬ ఝ·ୱ୧୬ ଷ଴°·௣య

ඥ୲ୟ୬మ ఝାଵ
 ;   𝑦 =

ି ୲ୟ୬ ఝ·ୡ୭ୱ ଷ଴°·௣య

ඥ୲ୟ୬మ ఝାଵ
 ;   𝑧 =

௣య

ඥ୲ୟ୬మ ఝାଵ
         𝑝ଷ𝜖⟨0; ∞) (4) 

2.2. Parametrization of the section plane 

The next step was the obtaining of the equation for the slice plane 𝜌. This plane was created from the plane 
xy, which was firstly rotated by angle 𝜀 around the x-axis, then about 𝜆 around y-axis and finally moved  
in the way of z-axis about the value of the contact depth (ℎ௖) which is depending on the indentation depth 
(Oliver, 1992). For this plane, the unit vectors were derived and the normal vector was derived by its cross 
product (5). When the normal vector was known, the equation of the section plane (6) was derived.  

 𝑛ఘሬሬሬሬ⃗ = (cos 𝜀 · sin 𝜆 ; − cos 𝜆 · sin 𝜀 ; cos 𝜆 · cos 𝜀) (5) 

 𝜌:   cos 𝜀 · sin 𝜆 · 𝑥 − sin 𝜀 · cos 𝜆 · 𝑦 + cos 𝜀 · cos 𝜆 · 𝑧 − cos 𝜀 · cos 𝜆 · ℎ௖ = 0 (6) 

2.3. Determination of the edges of cross-section 

From the parametric equations of the edges (2 ÷ 4) and the equation of the plane (6), the coordinates of the 
apexes of the triangular cross-section were derived (7 ÷ 9) (B, C, and D in Fig. 3). These coordinates are 
dependent on the values of parameters from (2 ÷ 4), which can be determined in the intersection of the 
edges and plane according to (10 ÷ 12). 

 
Fig. 3: Section of the Berkovich indenter by tilted plane. 
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 𝐵 = ൤
୲ୟ୬ ఝ·௣భ

,

ඥ୲ୟ୬మ ఝାଵ
; 0;

௣భ
,

ඥ୲ୟ୬మ ఝାଵ
൨ (7) 

 𝐶 = ൤
ି ୲ୟ୬ ఝ·ୱ୧୬ ଷ଴°·௣మ

,

ඥ୲ୟ୬మ ఝାଵ
;

୲ୟ୬ ఝ·ୡ୭ୱ ଷ଴°·௣మ
,

ඥ୲ୟ୬మ ఝାଵ
 ;

௣మ
,

ඥ୲ୟ୬మ ఝାଵ
൨ (8) 

 𝐷 = ൤
ି ୲ୟ୬ ఝ·ୱ୧୬ ଷ଴°·௣య

,

ඥ୲ୟ୬మ ఝାଵ
;

ି ୲ୟ୬ ఝ·ୡ୭ୱ ଷ଴°·௣య
,

ඥ୲ୟ୬మ ఝାଵ
 ;

௣య
,

ඥ୲ୟ୬మ ఝାଵ
൨ (9) 

 𝑝ଵ
, =

௛೎·ඥ୲ୟ୬మ ఝାଵ

୲ୟ୬ ఒ·୲ୟ୬ ఝାଵ
 (10) 

 𝑝ଶ
, =

௛೎·ඥ୲ୟ୬మ ఝାଵ

ି ୱ୧୬ ଷ଴°·୲ୟ୬ ఒ·୲ୟ୬ ఝିୡ୭ୱ ଷ଴°·୲ୟ୬ ఌ·୲ୟ୬ ఝା
 (11) 

 𝑝ଷ
, =

௛೎·ඥ୲ୟ୬మ ఝାଵ

ି ୱ୧୬ °·୲ୟ୬ ఒ·୲ୟ୬ ఝାୡ୭ୱ ଷ଴°·୲ୟ୬ ఌ·୲ୟ୬ ఝାଵ
 (12) 

2.4. Derivation of the surface of cross-section 

From the known apexes of the triangle (7–9), the area of the cross-section was calculated. The two vectors 
corresponding to the edges of the triangle were created and then the cross-section area was determined  
as the half of its cross product size. The resulting expression (13) was depended on the values 𝑝ଵ

, , 𝑝ଶ
, ,  

and 𝑝ଷ
,  (10–12). When these parameters were substituted to the (13), the final equation (14) was derived  

by Matlab with the relation between parameters 𝜑 and 𝛼 from (1).  

 𝐴௖ =
√ଷ·୲ୟ୬ ఝ

ସ·(୲ୟ୬మ ఝାଵ)
· ට൫2 · 𝑝ଶ

, · 𝑝ଷ
, − 𝑝ଵ

, · 𝑝ଶ
, − 𝑝ଵ

, · 𝑝ଷ
, ൯

ଶ
+ 3 · ൫𝑝ଵ

, · 𝑝ଷ
, − 𝑝ଵ

, · 𝑝ଶ
, ൯

ଶ
+ tanଶ 𝜑 · ൫𝑝ଵ

, · 𝑝ଶ
, + 𝑝ଶ

, · 𝑝ଷ
, + 𝑝ଵ

, · 𝑝ଷ
, ൯

ଶ (13) 

 𝐴௖ = 3
య

మ · ℎ௖
ଶ · tanଶ 𝛼 · ට

୲ୟ୬మ ఌା୲ୟ୬మ ఒାଵ

(ଶ·୲ୟ୬ ఈ·୲ୟ୬ ఒା )మ·൫ଶ·୲ୟ୬ ఈ·୲ୟ୬ ఒିଵା୲ୟ୬మ ఈ·(ଷ·୲ୟ୬మ ఌି୲ୟ୬మ ఒ)൯
మ (14) 

The cross-section for the untilted Berkovich indenter can be determined by (15) (Oliver, 1992). Then  
the ratio between the cross-sectional areas of the tilted and untilted indenter can by determined by (16). 
Ratio is dependent only on the angles of tilt (𝜀 and 𝜆) and the indenter angle 𝛼. 

 𝐴௖଴ = 3
య

మ · ℎ௖
ଶ · tanଶ 𝛼 (15) 

 ஺೎

஺೎బ
= ට

୲ୟ୬మ ఌା୲ୟ୬మ ఒାଵ

(ଶ·୲ୟ୬ ఈ·୲ୟ୬ ఒାଵ)మ·൫ଶ·୲ୟ୬ ఈ·୲ୟ୬ ఒିଵା୲ୟ୬మ ఈ·(ଷ·୲ୟ୬మ ఌି୲ୟ୬మ ఒ)൯
మ (16) 

3.  Results and discussion 

The Berkovich indenter was cut by the plane at the indentation depth 100 nm, the section plane was tilted 
and the areas of cross-sections were calculated according to (14). The relative differences between the areas 
obtained by tilted and untilted section planes are shown in Fig. 4. The plotted surface shows that the 
difference is symmetrical for the positive and negative values of the tilt in x-axis. This is due to the same 
symmetry of the indenter. The calculated results show difference against the expression determined by (Shi, 
2013), due to the simplifications which were used in their derivation. The Berkovich indenter was modelled 
in the 3D CAD software Autodesk Inventor and the areas of its cross-sections by tilted plane were measured 
and compared with the results of analytical calculations. Both methods gave the same values. To better 
depiction of the tilt influences, the tilted and untilted planes were plotted for few combinations of the angles 
ε and λ in Fig. 5. The values of angles were chosen according to Fig. 4. All calculations assumed tilted 
surface of the tested specimen (section plane), as the indenter is tilted, the contact depth needs to be 
corrected for the influence of the indenter tilt. 

4.  Conclusion 

The analytical expressions for the calculation of the cross-section of Berkovich indenter by tilted plane 
were derived. These expressions were applied to the calculation of projected contact area at the 
nanoindentation of the tilted specimen by the Berkovich indenter. The results show that tilt lower than 1 ° 
gives relative difference in contact areas lower than 1 %. As the Berkovich indenter is symmetrical, the tilt 
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around x-axis, which lies in the plane of symmetry, causes the symmetrical influence of the contact area. 
The future work could be aimed on the determination of the projected contact area of the blunted indenter. 

 

 

Fig. 4: Relative difference of the 
areas of cross-section by tilted 

and untilted planes at the 
indentation depth 100 nm (ε – tilt 

in x-axis, λ – tilt in y-axis). 

  

 

 

Fig. 5: Cross-sections of the Berkovich 
indenter at the depth 100 nm (green – section 
by untilted plane, red – section by plane tilted 

in x-axis by ε and in y-axis by λ). 
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