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Abstract: Calibrating a complex multi-parameter model on a large set of experimental data is extremely time-
consuming. In this work, a closed-form solution of a multi-component Armstrong-Frederick model in uniaxial
loading conditions is used as an efficient calibration tool. The intended application is large sets of experimental
data for ratcheting.
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1. Introduction

In the world of plasticity modeling, ratcheting is the accumulation of plastic strain during stress-driven
cyclic loading. This phenomenon is quite difficult to predict as small errors in each cycle accumulate
to make large errors. Models to predict ratcheting have become more complex in attempts to improve
predictions, see (Halama, 2008). While these models do show improvements, they are quite challenging to
calibrate as they often include several material parameters. In this work, we devised an analytical solver for
the purposes of study and calibration. Some previous results were published in (Parma et al., 2018), where
analytical tools were used to calibrate a model that included yield surface distortion. The model in question
is more manageable, an ordinary von Mises yield surface and a Multicomponent Armstrong-Frederick
kinematic hardening rule with threshold modification according to Dafalias and Feigenbaum (2011). This
has been used in various works with partial success on biaxial ratcheting predictions in (Welling et al.,
2017) and in further numerical experiments in (Marek et al., 2022).
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with ri = ‖αi‖ /aSi , while the fourth component, featuring a linear hardening part, is driven by
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with r4 = ‖α4‖ /
(
aS4 + ā

)
. In the original paper, Dafalias and Feigenbaum (2011) defined the variable

r4 incorrectly. The weights ri serve as a modification of a regular Armstrong-Frederick rule and affect
multiaxial loading. The model is controlled by the rate parameters ci and the saturation limits aSi . Parameter
ā represents the amplitude of the embedded linear hardening part, activated by the Macaulay brackets 〈 〉.
The linear part removes attraction towards zero backstress and, therefore, provides a way to limit ratcheting
speed even in a non-symmetric cyclic loading. The asymptotic limits of the three base components are at∥∥∥αlim
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3 ā towards its asymptotic

limit at ∥∥∥αlim
4

∥∥∥ =
√

2
3

(
aS4 + ā
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For the material used in this project, a three-component non-linear isotropic hardening rule was adopted as

k̇i = 〈λ〉κi (1− ξiki) , (i = 1, 2, 3) , (5)

where κi represent rates of hardening and ξi represent inverted asymptotic limits. Variable k1 is initiated as
the initial yield stress k0, while k2 and k3 start evolving from 0. All of them act in a sum as the radius of
the yield surface. The model presumes associative flow rule defined as

ε̇p = λn (6)

which decouples the actual value of yield function gradient from the model’s behavior and strictly uses the
unit outer normal ‖n‖ = 1.

2. Analytical solution

The following solver provides the solution of a stress-, as well as strain-controlled uniaxial cyclic loading
sequence. Axial stress σx or axial strain εx are expressed as functions of axial plastic strain εxp. To reach
the uniaxial stress solution, plastic strain has to be solved numerically. In the following code, deviatoric
tensors are represented by their oriented norms.

2.1. Analytical solver

The analytical solver needs point of the last plastic reversal as input. This point is characterized by the
set of backstress component norms α0

i , the actual state of plastic strain ε0xp, and the accumulated effective
plastic strain εcum0

p . The active loading orientation is defined by D ∈ {−1, 1}. The algorithm checks the
yield condition, and either returns the elastic solution, or proceeds to calculate the required plastic strain. If
plastic reversal is encountered, the solver updates the referential point.
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(a) Check for plastic reversal and update α0, ε0xp, ε
cum0
p

(b) Solve R (∆εxp) = 0; εcump = εcum0
p + ∆εxp; εxp = ε0xp +D ·∆εxp; εx = σx/E + εxp

2.2. Stress residual R (∆εxp)

Available tools were used to solve the root of the stress residual. A failure to secure the intermediate value
theorem will occur if stress loading exceeds the ultimate strength.
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3. Calibration strategy

Three cyclic experiments, performed by Nečemer et al. (2021), were selected for the calibration of the
model. These tests use ±1.25%, ±1.0% and ±0.75% total strain with 38, 57 and 189 loops, respectively.
The material exhibited slow hardening, which called for the addition of the isotropic variables. The calibra-
tion procedure consists of several steps:

1. Measure the elastic modulus E. The Poisson’s ratio is not relevant for uniaxial tests.

2. Choose the inverse size of the yield surface ξ1 that is reached at the depletion of the initial isotropic
softening. A plateau can be imitated by later counterbalancing the rate of isotropic softening κ1 and
initial kinematic hardening.

3. Variables k2, k3 will provide slow hardening during cyclic loading. Establish the two asymptotic
functions by estimating hardening rates and saturation levels with parameters ξ2, κ2, ξ3, κ3.

4. Estimate ci in a geometric sequence with c4 positioned somewhere in the middle. Set equal saturation
limits and refine c1 to provide a good continuity for the transition between elastic and plastic behavior.

5. Use small value of ā to limit ratcheting speeds for non-zero mean stress.

6. Establish weights to each data point according to the quality of the data and use the calibration tool
to refine the calibration while initiating it from a whole set of partially randomized initial guesses.

7. Check results and refine weights given to each data point to suppress artefacts or eventual discrepancy
of the experimental data and the available features of the model.

4. Results

For calibration, all points of reversal were used, as they define the experiment. Additional points were
randomly spread within the loops to make 1900 data points in total. The acquired set of parameters is in
Table 1. A few randomly selected loops and their simulations are plotted in Figure 1.

5. Discussion

The speed provided by the existence of closed-form solution is hugely beneficial and offers a promising
way to come close to an optimal calibration of a model. Generally, the calibration process needs to be
closely monitored, given that the error function on a complex model can be very chaotic and if not properly
conditioned, the calibration process often slips into undesirable state. Our continuous push to amass large
body of experiments on a low number of materials will enable us to test models under wide variety of
conditions and search for new phenomena to address in modeling.
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Tab. 1: Model calibration
E ν k0 κ1 ξ−1

1 κ2 ξ−1
2 κ3 ξ−1

3
[MPa] [−] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa] [MPa]
68266 - 109.2 53700 61 576.2 75.15 35.3 61.8
c1 c2 c3 c4 aS1 aS2 aS3 aS4 ā
[−] [−] [−] [−] [MPa] [MPa] [MPa] [MPa] [MPa]

1858 363.8 108.4 10.1 64.6 49.8 10.2 10 7.2
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Fig. 1: A few randomly selected loops with comparison to the data from (Nečemer et al., 2021).
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