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Abstract: The higher order heat conduction equation is considered to study a one dimensional problem. The 
related boundary value problem is solved numerically via finite element method and compared with 
analytical solution. The influence of the characteristic time parameter from generalized heat conduction 
equation is investigated in numerical examples. 
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1. Introduction 

 Due to the recent advances in manufacturing and engineering the sophisticated small scale structures are 
more often used in modern devices. Higher order gradient effects can play an important role in the 
diffusion of atoms and heat in nano-sized structures (Gad-el-Hak, 2004) or in the presence of strong 
gradients as in thermal shocks. To include these effects the, the classical partial differential equation 
needs to be enhanced by higher order spatial gradients or higher order time derivatives. Similar 
extensions hold for the heat equation, as advocated by Cattaneo (1958) who introduced the heat flux rate 
in a double temperature mixture type theory. In work of (Forest and Amestoy, 2008) the micromorphic 
approach has been applied to derive two types of generalized heat equations. Later (Forest and Aifantis, 
2010) compared the results obtained from double temperature theory and micromorphic theory which 
gives a rise to associated concepts of “hypertemperature” and hyperentropy”. Both concepts are described 
by higher-order differential equations and have been applied successfully for short-pulse laser 
observations in metals and treatments of cancer affected skin (Forest and Aifantis, 2010). 

It is the aim of this paper study a simplified generalized heat conduction equations based on the 
Cattaneo’s form and investigate the influence of the characteristic time parameter that appears in higher 
order heat conduction equation. To this end the analytical solution of the related boundary value problem 
has been derived in order to verify numerical solution obtained by using the finite element method. 

2. Statement of the problem 

The Cattaneo’s first generalization of the heat equations has the form (Forest and Aifantis, 2010):  

 

        , 0 ,( , ) ( , ) ( , )ij ij ij ijc k Aρθ τ θ τ θ θ τ= −x x x                                        (1) 
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Where ijk , ρ  and c  are the thermal conductivity tensor, mass density and specific heat. The additional 

material parameter ijA  represents a higher order effect in an anisotropic heat-conducting solid. The 

reference temperature is denoted as 0θ . The derivation of above equation is based on a modification of 
Fourier’s heat conduction law and it deviates from classical heat conduction equation by an additional 
contribution which is proportional to the Laplacian of the temperature rate of change in an isotropic case. 

By reducing the number of new material parameters to one, 0

0
ij ijA kτ

θ
= , the equation (1) can be 

rewritten:  

                                       ( ), 0 ,( , ) ( , ) ( , )ij ij ijc kρθ τ θ τ τ θ τ= −x x x                               (2) 

The characteristic time which appears in the additional term on the right side of equation (2) is denoted as
0τ . The weak form of the governing equation (2) can be derived from the principle of virtual work: 

 

                         ( ) ( ), 0 , 0i i i i
V

c dV d
λ

λ dθ τ λ dθ ρ θdθ τ dθ
Γ

− − = Λ − Λ Γ∫ ∫


                           (3)                        

where the heat flux vector is denoted as ,i ij jkλ θ= −  and scalar product : i in λΛ =  

The equation (3) has been implemented into the commercial finite element software Comsol via 
the weak form module where the user written partial differential equations can be implemented.  

 

3. Analytical and numerical solution 

 
Let us consider a one dimensional problem (1-D) problem of wall with initial condition ( ,0) 0xθ = and 
prescribed temperatures on both surfaces (0, ) 0θ τ = at x = 0 and ( , ) Te ( 0)L Hκτθ τ τ−= −  at x = L where 
L is the thickness of the wall and ( 0)H τ −  is the Haeviside step function. For isotropic material 
parameters the higher order heat conduction  equation (1) is simplified: 

 

 2 2( , ) ( , ) ( , ) 0x a x g xθ τ θ τ θ τ′′ ′′− + =   (4) 

 

Where 2 /a k β= , 2
0 /g kτ β= , cβ ρ= , 

The exact analytical solution for governing equation (4) with the prescribed boundary conditions above is 
following: 
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Fig. 1: Distribution of the temperature along the x coordinate for various characteristic times in 
gradient heat conduction theory for different times, 1x10-11[s] (upper figure) and for 1x10-10[s] 

(lower figure). 

 

The FEM computed variations of the temperature along 1x -coordinate axis at 1110 sτ −=  and at 
1010 sτ −=  for two characteristic times, namely, 0 0τ =  and 12

0 5 10 sτ −=− × , are as shown in Fig. 1 for
0κ = . If 0 0τ = , the solution corresponds to classical heat conduction theory. Also shown in the figure 

are the exact analytical solutions obtained from (5) for these two characteristic times. It can be seen that 
there is very good agreement indeed between the results obtained from the FEM analysis and the 
analytical solutions for both the classical and gradient theory of heat conduction. It is worth noting that 
the temperature obtained by gradient theory 0( 0)τ ≠  at a given position is slightly lower than that 
obtained from the classical theory. The influence of the characteristic time parameter is more pronounced 
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for shorter time instants after application of thermal shock with presence of stronger gradients. Fig. 1 
(upper) than for larger time instants when the solution reaches steady state Fig. 1 (lower). 

 

4.  Conclusions  

The influence of the characteristic time parameter from higher order heat conduction equation has been 
investigated in this paper. The finite element method has been applied to solve the related boundary value 
problem. The numerical results have been verified with exact analytical solution. The influence of the 
characteristic time parameter is more pronounced for shorter time instants with the presence of the 
stronger gradients. 
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