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Abstract: A mechanical problem on tracing the stress-strain state evolution of a sufficiently high conical 

column bearing a variable central axial loading on its upper end and being simultaneously built up by means 

of additive layer-by-layer piecewise continuous augmenting with new viscoelastic ageing material over the 
side surface is investigated. The acting axial force magnitude, the radius of the increasing bearing end, and 

the slope angle of the side surface are arbitrarily changing during the considered augmenting process. The 

closed-form analytical solution of the corresponding non-classical boundary-value problem is obtained. 
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1. Problematics of the study 

Additive manufacturing processes are accompanied by increase of solids in size due to adding new 

material layers to their surfaces. A characteristic feature of such processes is the fact that the solid does 

not exist in its final configuration before the start of its deforming, as it is always supposed in the classical 
solid mechanics. The additively manufactured solids keep being formed in course of the deformation 

process. So the mechanical analysis of additive processes is to take into account simultaneous acting 

external loads being actual in the modelled technological process, including those acting on the attached 

additional material, and the mechanical peculiarities of gradual attaching this material to the solid surface. 
Such account cannot be correctly carried out within the framework of classical solid mechanics, even if 

the traditional equations and boundary conditions are formulated for a time variable spatial domain. This 

is explained by absence of any unstressed configuration for the entire additive-manufactured solid. There 
is accordingly no any reference configuration of the whole solid in relation to which strain measures can 

be traditionally defined. 

Thus, the problems on mechanical modelling for additive-manufactured solids constitute a special class of 
problems of solid mechanics and possess a number of non-classical effects. One can familiarize the 

approaches of the corresponding field of solid mechanics and also results achieved by Russian science 

school in mechanics of additive processes founded by Professor A. V. Manzhirov, e.g., on the basis of the 

papers Manzhirov and Parshin (2015a, 2015b, 2016), Bychkov et al. (2017), Parshin (2017a, 2017b, 
2018), Parshin and Manzhirov (2018). 

The present paper is devoted to a non-classical quasi-static problem for an additively manufactured solid 

with integral satisfying static boundary conditions on a part of the solid surface being expanding due to 
the additional material influx in the course of the solid formation. The material used in the solid formation 

process exhibits rheological properties, namely the properties of deformation heredity and ageing. 

Additive processes of forming solids of such materials are quite difficult to model, because the in time 

evolving deformation reaction of the being formed solid to the applied load continuously interacts with 
the mechanical response to the attaching new material elements to the solid, and also the formed solid 
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continues to change its stress-strain state even if the additive formation process stops. However, the study 
of additive processes with application of such materials is relevant from the point of view of engineering. 

2. The mechanical problem in question 

We consider a significantly high axisymmetric conical column being additively built up with use of the 

isotropic viscoelastic ageing material subordinated to the following constitutive equation: 
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Here T  is the stress tensor, E  is the small strain tensor,  r  is the radius-vector of an arbitrary point of the 

considered solid, t  is the current time calculated from the material origination instant, 1  is the unit tensor 

of the second rank, const=ν  is the Poisson’s ratio for elastic and creep strain, and °)(  is the Volterra’s 

integral operator of viscoelasticity defined as follows (Manzhirov, 1995): 
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where )(tG  is the elastic shear modulus increasing with time due to material ageing, 
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is the creep kernel, τ≥t  (Arutyunyan, 1966), with the material function ),( τω t  being the creep measure 

for simple shear and approximating respective experimental creep curves for different loading moments, 

and the time instant )(0 rτ  is the instant of occurrence of stresses at the solid point r . Remark that the 

here used material relations are widely employed to describe the mechanical behavior of various natural 

and artificial stones (in particular, concrete), polymers, soils, ice, wood. For example, experimental creep 
curves for some kinds of concrete can be borrowed from Ross (1958). 

The considered column is bearing a time-variable external central axial force )(tF  applied to its upper 

end throughout the entire building process and assumed positive when compressing. The force begins to 

act at the time moment 0tt =  on a conical preform made stress-free in advance of the considered material. 

At the moment 01 ttt ≥=  the process of gradual building up the considered column by means of its 

axisymmetric augmenting is starting. Augmenting is implemented via layer-by-layer adding the 

additional material, being identical to the material of the preform and initially stress-free, to the column 
side surface. The built up column maintains a conical shape at each moment of the augmenting process. 

Let the column bearing end be denoted by )(tΩ . The time-dependence of this flat circular surface, i.e. 

increasing its radius in time, is caused by expansion of the column bearing end due to the additional 
material influx to the column side surface. We agree to put the origin of each point radius-vector r  at the 

geometrical centre of the bearing end )(tΩ  of the column. The time-varying side surface of the being 

augmented column will be denoted by )(tΣ . It is a conical surface with the arbitrarily changing slope 

angle, moving in space in the normal direction due to the additional material influx to the column. 

The augmenting process is supposed to be piecewise continuous. That is it consists of arbitrary number 

N  of consecutive stages ),( 212 kk ttt −∈ , Nk ,1= , at which an infinitely thin layer of additional material 

attaches to the column side surface each infinitely small period of time. These stages are interrupted with 

arbitrarily long pauses ],[ 122 +∈ kk ttt , 1,1 −= Nk , when the influx of additional material to the column 

side surface is absent. 

We investigate the stress-strain state evolution of the built up bearing column before, in course and after 

the stipulated piecewise continuous process of its layer-by-layer augmenting. We consider the case of 

small strain under quasi-static deformation assumption. 
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3. Mathematical formulation of the problem 

As the additional material is being loaded in the considered additive process just at the moment of its 

attaching to the column surface, we determine the function )(0 rτ  in the following way: 
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where )(* rτ  is the distribution of the particles attaching moments. 

The latter function can be used for calculation of the field of the external unit normal vectors n  to the 

being augmented column side surface )(tΣ : 
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Because of absence of any unstressed configuration for an additively built up solid, the kinematic 

description of its deformation process traditionally used in solid mechanics is not suitable for such a solid. 

But we can see that all particles of the newly added material move in space in the continuum composition 

after attaching to the surface of the being built up solid. So a sufficiently smooth velocities field ),( trv  of 

the whole solid deforming movement is uniquely determined in the entire space region occupied by the 

considered instantly existing solid during its building up process. Therefore, we can give a mathematical 
formulation of the mechanical problem in question in velocities terms. For doing this we are to introduce 

the strain velocity tensor ),( trD  and the operator stress velocity tensor ),( trS : 
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For these tensors the above given constitutive equation can be transformed to the form 
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The considered being augmented solid obeys apparently the standard equilibrium equation 

 0rT =⋅∇ ),( t . (8) 

It can be proved (Manzhirov, 1995) that the velocity analogue of this equation has the following simple 

form in the investigated case of being augmented solid loading: 

 0rS =⋅∇ ),( t . (9) 

As we consider the unstressed additional material attached to the surface of the being built up column, we 

are to set the following initial condition in the added part of the column: 

 0rrT =τ ))(,( * . (10) 

We can show that this non-classical initial condition together with the standard equilibrium equation lead 
in the considered mechanical problem to the following boundary condition for the operator stress velocity 

tensor on the column side surface moving in space due to continuous influx of additional material: 

 Nkttttt kk ,1),,(),(,),()( 212 =∈Σ∈=⋅ −r0rSrn . (11) 

This boundary condition holds good also in the pauses between the continuous augmening stages and 

after the last ( th-N ) such stage, as the column side surface is free of stresses on the corresponding time 

segments. 

It is undoubtedly to satisfy the loading conditions on the column bearing end )(tΩ  in integral sense. In 

accordance with this thought, we have to set the following static boundary conditions on the bearing end: 
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Here const0 =n  is the external unit normal vector to the bearing end )(tΩ  of the column. This vector is 

directed opposite to the end force action direction if the force )(tF  is compressing. 

4. The way to solve the problem and conclusion 

The main intricacy to solve the stated problem is expanding in space the column bearing end )(tΩ  due to 

influx of the additional material to its side surface )(tΣ . This hampers easy transformation of the above 

formulated integral static conditions to the operator stress velocity form. The staple attainment of the 
presented study lies in the proof of the following corollary of the specified integral conditions, taking 

place under all the assumptions made above: 
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The essential limitation for deducing this corollary is the fact that the additional material is being attached 
stress-free to the side surface of the being built up column. 

The written integral relations for the operator stress velocity tensor on the bearing end of the being 

augmented column allow to construct the closed-form analytical solution of the formulated mechanical 
problem. The constructed solution gives the opportunity to trace the stress-strain state evolution of a 

sufficiently high conical column bearing an axial loading on its upper end and being simultaneously built 

up by means of additive layer-by-layer surface augmenting with new viscoelastic ageing material over its 

side surface. The acting force magnitude, the radius of the increasing bearing end and the slope angle of 
the side surface are arbitrarily changing during the considered augmenting process. 
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