doi: 10.21495/71-0-117

h .
25" International Conference

ENGINEERING MECHANICS 2019
Svratka, Czech Republic, 13 — 16 May 2019

=)

01

N

COMPARATIVE STUDY OF SIMPLE TRUSS SOLVED ACCORDING TO
THE THEORIES OF 1ST AND 2ND ORDER

K. Frydrysek ", M. Jahodova™, Z. Moravkova ™

Abstract: This contribution deals with the simple planar asymmetric pin-connected truss with 3 members. The
ways and methods of derivations and solutions according to theories of first and second order and other pos-
sible linearizations are shown (i.e. internal forces, reactions, elongations, stresses). There are applied linear
and nonlinear approaches and their simplifications via Taylor’s series. Finally, the errors of all approaches
are evaluated and compared.
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1. Introduction

Planar (i.e. 2D) truss structures appear to be the easiest ways of introducing, explaining and solving geo-
metrical and material nonlinearities; see BaZant and Cedolin (1991) and Frydrysek (2016). In mechanics,
for small deformations, tasks of this type (displacements, strains and stresses etc.) can be solved according
to the simple first order (linear) theory or the more precise but more demanding second order (nonlinear)
theory. If the effects of deformations of the structure under loadings are negligible with respects to the
equilibrium of external and internal forces, first order analysis can be applied. The second order theory
usually leads to a nonlinear equation which can be solved via several numerical methods. However, there
are some possibilities for simplifying it, for example via Taylor’s series etc.

(a) Deformed and undeformed truss (b) Theory of first order  (c) Theory of second order

Fig. 1: Simple (2D) statically determinate pin-connected truss.

This article presents the solution of a simple (2D) statically determinate pin-connected truss consisting of
three members, see Fig. 1a (i.e. the derivation according to the first and second order theories, possible
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simplifications, ways of solution, error estimation). The truss is loaded by the vertical force F. In the
mechanics of truss structures, there is a lack of information about error estimation of the theory of first
order, therefore we deal with this problems in this article.

2. Solution According to the Theories of First and Second Orders

Expressions are derived for the normal forces N; [N], the axial stresses o; [Pa], the elongations A; [m] in
all members ¢ = 1,2 and 3 and the reactions Rgx, R, Rc, see Fig. 1, according to the theory of the
small deformations for first and second order analyses, see Tab. 1 and 2. The given inputs are the force F,
length of the members L; [m], the modulus of elasticity E; [Pa] of the material of the members, area of the
cross-sections A; [m?] of the members. The angles o, 5 and  are explained in Fig.1. The results of the
theory of second order is noted by upper subscript “*”.

Tab. 1: Derived expressions and solution - theory of first order (direct linear solution based on simple linear
statics); see Fig. 1(a,b).

N;L; FL FL
A; = —fori=1,2,3 where k; = E;A; Rgzﬂ Rc:ﬂ Rpx =0
ki Ls Ls
-F —F F
Ny = Ny = — Ng=—————
sin~y 4 cos~y - tan 3 sin 8 + cos 3 - tan «y tan 8 4 tan~y

Tab. 2: Derived expressions - theory of second order (nonlinear solution), see Fig. I(a,c).

NIL;

A7 ;{771 fori =1,2,3 where k; = E;A;
i
-F L Ar L A% F(L AT *
N = = Law of sines: 1,+ 1 — 3,+ 3 Rp*= (L1 + Af) cosy
siny* + cosy* - tan 5* sin 5* sin a* L3 + A3
—-F L Ar L Al F(L Al *
N3 = — Law of sines: 1,+ 1 - 2,+ 2 Rg* = (L2 + A3) cos §
sin 5* + cos B* - tan y* sin 5* sin y* L3 + Aj
F
Ny =—F7— Triangle rule: o* + 8* +~1* =7 Rpx* =0

tan f* + tany*

3. The Systems of Governing Equations and the Applied Numerical Methods

The first order theory leads to a set of linear equations the solution of which is presented in Tab. 1. We
use relations for A7, N¥, i = 1,2, 3, both laws of sines and the triangle rule from Tab. 2 (theory of second
order) and we obtain the system of six nonlinear equations for unknown deformation parameters Aj, A3,
A3, o, 8%, v*. Let’s denote the left sides of this system as functions f; for¢ = 1,...,6 and the vector of
unknowns & = (A}, A A%, o, 85, 4*)T.

Al (tan 8" cosy* +siny*) + FL1/k1 =0

A (tan~y* cos f* +sin 8*) + FLa/ka =0
Aj(tan f* + tanvy*) — FLg/k3 = 0

ATsiny* — Ajsin % + Ly siny* — Losin 8 =0
Alsina® — Aisin f* + Ly sina®™ — Lgsin 8% =0
&+ By =T =0

file)=0fori=1,...,6 < f(x)=0 (1)

The system (1) we solve by the another type of linearization and by numerical methods for nonlinear
equations.

For the linearization we approximated left sides of equations in the system (1) by Taylor series in several
variables of order one. For example, we get the following approximation from the first equation:
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Af(tanﬂ* cosy* +siny*) + FLy/k; ~ Ai(tan S cosy + siny) + FLy /k1+

cosy(B — )+ Ay(—tan Ssiny + cosvy)(y —v*) + (tan Scosy + siny)(A; — AT)

cos? 3
and we obtain system of six linear equations
sin (8 + ) 0 0 0 A Aq cos (B +7) A3
0 sin (8 + ) 0 0 Agcos (B +7) Ag% A}
0 0 sin (8 + 7) 0 Ay Ayl N
siny —sin g 0 0 —(Ag +Ly)cosB (A1 +Ly)cosy o
sin o 0 —sinf (A1 +Lj)cosae —(Ag+Ls)cosf 0 B
0 0 0 1 1 1 ol

2A1sin (B4 7v) + A1 + Ajyeos (B+7) + FLl cos 3

cos 3

20y sin (B + ) + Aoy <8 4 AyBcos (B+7) + F 2 cos 7y

cos y

283sin (B +7) + AsBo + A *inZf FII;—;‘ cosﬂcos'y
(A1 + Ly)(siny + ycosy) — (Ag + Lo)(sin 8 4+ B cos 8) + sinyA; — sin SAs
(A1 +Ly)(sina+ acosa) — (Az + Lz)(sin 8 4+ B cos 8) + sin A1 — sin SA3

™

@

The system of linear equations (2) is nearly similar to the theory of first order written in Tab. 1. For more
informations see Frydrysek (2016).

The system (1) is solved by well known Newton method and by Broyden method. The Broyden method for
solving the system of nonlinear equations is based on the secant method, see Quarteroni (2006). The initial
approximation 2° = (0, 0,0, a, 3,v) " is choosen. Lets denote the initial approximation of Jacobian matrix
as

tan 5 cosy + siny 0 0 0 0 0
0 tan -y cos 8 + sin g 0 0 0 0
QO _ 0 0 tan 5 + tan-y 0 0 0
sin 7y —sinf 0 0 —LocosB  Ljcosvy
sin «v 0 —sin 3 Licosa —Lscospf 0
0 0 0 1 1 1
The next approximations «* are computed in following three steps for k =1, . ..
1. step: Find d* as the solution of the system of linear equation Q*~'d* = — f(a:kil).
2. step: Compute the next approximation b = ¢ 1 4 dF.
k—1 kT
x -d
3. step: Compute the next matrix Q* = Q*~! M
dkT . dk:

Numerical results are calculated for inputs written in Tab. 3. Newton and Broyden iterative approaches
converged to the same results.

4. Conclusions

It is a fact that the planar truss structures appear to be the easiest ways of introducing, explaining and solving
geometrical and material nonlinearities (in this case, a simple pin-connected and statically determinate
truss of three members with variable length L;). The focus is on the theory of first and second order,
understanding, derivation and solution of linear/nonlinear problems and error estimation. Hence, from
calculated results, it is obvious the legitimacy application of the theory of second order which gives results
close to the reality. Some mentioned errors of the theory of first order are alarming for small length L; or
for obtuse angles or in cases of buckling, see Fig. 2 and Tab. 3.
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L /'A\L1=2m \;\\\L1=3m
——alq=0Am }1‘1"1 RN L

Tab. 3: Inputs and outputs

S *eo
7]
g . By = 2.1 x 101 Pa, A; = 5 x 10~m2,
S0,
i . b0 | By =205 x 101 Pa, Ay = 4 x 10~%m?,
) =58 &
£ 5y Z | E3 =2 x 10" Pa, A3 =2 x 10~%m?,
200 F=1x10°N,Ly=2m,Ly=2m
K]
gl 0s L [m] 0.1 2 3.9
_ | afrad | 15458 | 1.0472 | 0.2241
- ~Ly=0m 1§ 5| Blrad] | 0.0500 | 10472 | 26934
g ol ==
£ 5 = ~v[rad] | 1.5458 | 1.0472 | 0.2241
g5 | =
224 S| . gl o lrad | 15473 | 1.0485 | 0.1176
na ; £ 3 B [rad] | 0.0500 | 1.0467 | 2.9060
= Q@ _ & = §
§5° j <08 Ny " [rad] | 1.5443 | 1.0464 | 0.1180
o= & 009, 0N, 00y
£E% | SR R e T T _ | NyIN] | -0.9991 | -0.5774 | 4.0559
gSo01 05 1 15 2 25 3 35 o % e
L, m) S| E 2 NaIN] | 00250 | -0.5777 | -4.3878
X =
P T A R 2 N3 [N] | 0.0250 | 0.2887 | -3.9545
R p=a iy s S
- | | = | NTIN] | -09990 | -05774 | 7.8482
=5 i ) =) -
2 ' S| g5 N3INJ | -00265 | 05777 | -8.0285
g iR T % N3N | 0.0265 | 0.2891 | -7.7890
© —0R ) P
o ° § =59 ke N] | 0.0012 | 0.5000 | 1.9013
5 m 2| £ Ro[N] | 09988 | 0.5000 | -0.9013
=) —
£ Lo I - " = |z 2 Rg*[N] | 0.0013 | 05002 | 1.9766
& 041 0.5 1 1.5 2 2.5 3 3.5 jn) § =2 .
L, i S| 2 5 Re*[N] | 0.9987 | 04999 | -0.9755

Fig. 2: Relative errors

However, there is not enough information about error estimations and comparative studies for the theories
of first and second order. Hence, this article fills the lack of information and gives to engineers some basic
ideas/concepts about possible errors/mistakes. There are other comparative studies of truss structures based
on the theory of probability and Monte Carlo Method too, see FrydrySek and Janco (2016).
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