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A DAMPED HARMONIC OSCILLATOR IN THE CLASSICAL
AND FRACTIONAL DIFFERENTIAL CALCULUS
WITH THE LIOUVILLE DERIVATIVE

R. Pawlikowski *, P. Eabedzki =

Abstract: This paper considers a fractional differential equation with a Liouville fractional derivative for
damped harmonic oscillator. The proposed analytical solution for the fractional equation is compared with
the solution for the classical equation. The study involved determining the conditions of the agreement of the
two solutions and proposing the physical interpretation of the fractional derivative.
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1. Introduction

In the recent years, researchers have paid a lot of attention to a new mathematical method — the fractional
differential calculus. It is expected that the fractional calculus will enable new discoveries and offer a new
perspective on the old well-known problems. This study offers a contribution to this very promising area
of research.

The harmonic oscillator is fundamental to many theories and models in physics and mechanics.
Generally, the equations of the harmonic oscillator and their solutions in the classical calculus are very
well known. Some scientists attempt to look at them in a different way by replacing the classical (total)
derivatives with fractional ones. In this way, a set of new fractional equations of the harmonic oscillator is
being created. The new equations and their solutions are extensively discussed in the literature (e.g.
Atanackovic 2014, Blasiak 2017, Herrmann 2014, Kilbas 2006, Podlubny 1999, Stanislavsky 2005).

This paper discusses the fractional equation for a damped harmonic oscillator in the form proposed by R.
Herrmann (Herrmann 2014), using the Liouville definition of the fractional derivative (Kilbas 2006,
Samko 1993, Podlubny 1999, Uchaikin 2013).

2. General information and definitions
The classical damped harmonic oscillator is described by:
mi(t) +cx(t) + kx(t) =0 1)

where x = x(t) — the displacement which is a function of time, m (kq) — the mass, ¢ (Ns/m) — the damping
factor, k (N/m) — the rigidity factor. Equation (1) has the following analytical solution (¢ ="’classical”):

x:(t) = Cie®aat 4+ C e®et (2
c c\? k c c\? k
oa==5-G) %+ ve=—m+G) —u ®)
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where C,, C, are constants derived from the initial conditions x(0) = xq, v(0) = v, .
Alternatively, the damped harmonic oscillator can be described by means of the fractional equation
proposed by R. Herrmann (Herrmann, 2014):

mi(t) + ux @) =0 (4)
where x™(t) is the fractional derivative of an order of «, (0 < Re(a) < 1).

This paper considers equation (4) with the Liouville fractional derivative (Kilbas, 2006, Podlubny, 1999,
Samko, 1993, Uchaikin, 2013):

@ () =  D¥x(t) = —_ & (b __xOad
X)) = 1D¥x() = o @ f_w(t_f)a_me(x)] , 0 <Re(x) <1,teR  (5)

where x“(t) is fractional derivative of an order of a ; with « being a complex number.

Then equation (4) can be solved with the ansatz x(t) = e” and with a basic property of the Liouville
derivative (Kilbas, 2006):

(D)@ = D¥(e®!) = w%e®t, 0 < Re(x) (6)
The characteristic equation of eq. (4) mw’+uw*=0
w* [wz_“ +%] =0, 0<Re(x)<1 (7)
gives:
in(-2) —
wro =0, wpy = exp( P ) , Wy = Wfq (8)

where f = “fractional”. So, for a: 0 < Re(a) < 1, eq. (4) has an analytical solution:
xp(t) = Age®rot + Aje®nt + A,e®rt = Ay + Ae®nt + Aye®r2t (9)

where Ao, Ay, A, are constants which should be determined using initial conditions. The problem of the
three different constants and of the reasonable initial conditions is discussed in (Herrmann, 2014).

3. Problem

All the coefficients in the classical equation (1) are well defined, have a physical sense and are known
(experimentally assigned for a particular system). However, in the fractional equation (4), the order of the
fractional derivative and the coefficient remains unrecognized, particularly in the context of the physical
sense. Thus naturally, the fundamental question appears: what should the order of the fractional derivative
a and the coefficient u be?

In this work, we ask what the order of the fractional derivative o and the coefficient x should be to make
the above solutions of the fractional and classical equations equal ? Obviously, the following relationships
should be satisfied:

fora =0, xXO)» xOW)=x(t): u—-k, eq.(4) >mi+kx=0 (10)
fora—»1, xXOW) »>xO)=x(t): u—c, eq.(4) »mi+cx=0 (11)

4. Method
In the study, we compared the solutions of the classical and fractional equations:
xc(t) = x¢(t) (12)
0=A4¢,C;=4A,,C, =A;,0¢1 = W1 ,Wep = Wrp, Weq = Wpy , Wy = Wpp  (13)

Four possibilities appeared in the domain of frequency. We performed calculations for all of the cases and
we selected the one for which the solutions (classical and fractional) equal and 0 < Re(a) < 1 (equations
(10) and (11)). Then, this case was used to calculate o and u. Thus:

Wep = Wpp D — L _ (L)z _% = exp (l"(_%)> (14)

2m 2m 2—a
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From equation (14) a is:

a=2 o (15)
_c_ L)Z_E
2m (Zm m
Putting in eq. (15) a = 0 and a = 1 respectively, we obtained following formulas for u:
c c \2 k
for a=1 ,u——m(—%— (%) —;) (16)
> 2
c c k
for a=0 ,u——m(—%— (%) —%> (17)

On the basis of the above and of conditions (10), (11), we postulate the following form of the parameter
u

2-a
_ ac ac\? (1-a)k
”‘_m<_%_\/(%) T (18)
And now by returning to equation (15), we obtained the final formula for the order of the fractional
derivative a :

a=almck)=2- c(Ve?—tkm+c) 19
= alm Gk = o= o emctr2iom (19)
Thus, a = a(m,c,k) and u=u(a,m,c,k), and satisfy the following conditions:

lim.oa =0, limoa=1, limgou=k, lim,,;u=c (20)

5. Results

Numerical calculations were performed for both parameters a and u. The results obtained for the more
interesting parameter, i.e. for the order of fractional derivative «, are presented in Fig. 1 and Fig. 2. For
clarity, a specific case is illustrated in Fig. 2.
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Fig. 1: The order of the fractional derivative o (calculated from formula (19), m = 1 kg).
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Fig. 2: The order of the fractional derivative o for selected case: k = 20 (left), ¢ = 1 (right).

It was found that:
— the parameters of the fractional equation (4), a and u, for which its solution is equal to the
solution of the classical equation, can be calculated and the formulas are known;
— the classical equation can be replaced with the fractional one;
— excellent agreement of both equations exists only for the complex a (numerical observations).

Furthermore, the authors propose some physical interpretation of the fractional derivative in equation (4).
Up to now, scientists have treated damping and rigidity in solids as two different physical phenomena.
We suggest that they should be looked at as two aspects of one physical phenomenon, which can be
described just by means of the fractional derivative.

6. Conclusions

This paper has considered the fractional equation for the damped harmonic oscillator in the form
proposed by Herrmann (2014). The analytical solution of the fractional equation has been calculated and
compared with the solution of the classical equation. The conditions of the agreement of the solutions
have been calculated and the order of the fractional derivative has been derived. It can be concluded that
the classical equation can be replaced with the fractional one. We propose a certain physical interpretation
of the fractional derivative in the fractional differential equation for the damped harmonic oscillator.

References
Atanackovic T.M., Pilipovic S., Stankovic B., Zorica D. (2014) Fractional Calculus with Applications in Mechanics,
ISTE Ltd and John Wiley & Sons, Inc.

Blasiak M., Blasiak S. (2017) Application of fractional calculus in harmonic oscillator, in: Engeneering Mechanics
2017, Brno University of Technology, Brno, pp. 146-149.

Herrmann Richard (2014) Fractional Calculus. An introduction for physicists. 2nd edition., World Scientific
Publishing Co. Pte. Ltd.

Kilbas A.A., Srivastava H.M., Trujillo J.J. (2006) Theory and applications of fractional differential equations,
Elsevier B.V.

Podlubny I. (1999) Fractional diffenential equations, Academic Press.

Samko S.G., Kilbas A.A., and Marichev O.I. (1993) Fractional Integrals and Derivatives: Theory and Applications,
Gordon and Breach Science Publishers, Switzerland.

Stanislavsky A.A. (2005) Twist of fractional oscillations, Physica A: Statistical Mechanics and Its Applications,
354.

Uchaikin V.V. (2013) Fractional Derivatives for Physicists and Engineers, Higher Education Press, Beijing and
Springer-Verlag Berlin Heidelberg.



