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Abstract: The paper presents dynamic analysis of a bar with one end fixed and other free, loaded with force
at its free end. The viscoelastic material of the bar is described by fractional Voigt or Scott–Blair models.
Rayleigh–Ritz and Laplace transform methods were applied to obtain closed–form solution of the considered
problem.
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1. Introduction

Fractional calculus has been successfully applied to modeling of viscoelastic materials (Mainardi, 2010).
Many authors considered such material models in dynamic analysis of beams, for example (Di Paola et
al., 2013; Lewandowski and Wielentejczyk, 2017; Martin, 2017). In this paper we consider vibration of a
bar with one end fixed and other free, loaded with force at its free end. The simplest viscoelastic materials
models are used: fractional Voigt and Scott–Blair models. General theory of the nonhomogeneous fractional
equations with constant coefficients and Laplace transform (see (Srivastava et al., 2006)) were applied to
solve the stated problem.

The paper is organized as follows: First some definitions and notations from fractional calulus are in-
troduced and constitutive relations between stress and strain for fractional Voigt and Blair–Scot material
models are written. In section 3 we state the problem. In section 4 we solve it. In section 5 we give some
numerical examples of solutions of obtained fractional differential equations.

2. Preliminaries and notations

There exist many definitions of fractional derivative. The most popular in application to viscoelasticity are
Riemann-Liouville and Caputo fractional derivatives (Mainardi, 2010). For 0 < α < 1 we define them
respectively as follows:

Dα
RLF (t) =

d

dt


 1

Γ(1− α)

t∫

0

F (τ)(t− τ)−αdτ




Dα
CF (t) =

1

Γ(1− α)

t∫

0

dF (τ)

dτ
(t− τ)−αdτ

These definitions are not equivalent. It is well known paradox that Riemann–Liouville derivative of constant
function is not equal to zero while Caputo derivative is. There are also some problems with initial condi-
tions for fractional differential equations with Riemann–Liouville derivatives (Bagley, 2007; Heymans and
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Podlubny, 2006). This is the reason why some authors consider only Caputo derivatives, however when
F (0+) = 0, then (Mainardi, 2010):

Dα
RLF (t) = Dα

CF (t)

In this paper we consider problem with zero initial conditions, so, in this case, both Riemann–Liouville and
Caputo derivatives are equivalent and further we will denote fractional derivative of order α as DαF (t).

Laplace transform of DαF (t) can be obtained in the form (Kazem, 2013):

L (DαF (t)) = sαL (F (t))

Constitutive relation between stress σ(t) and strain ε(t) for fractional Viogt model of viscoelastic material
is given by the formula:

σ(t) = Eε(t) + ηDαε(t) (1)

where E, η – material constants, 0 < α < 1. If we put E = 0, we get Scott–Blair model.

3. Problem formulation

Let us consider bar with lenght L and cross section A with one end fixed and other free, loaded with force
f(t) at its free end, where f(t) is a given time function. Dynamic equation for axial displacement u(x, t) of
the bar with boundary and initial conditions are written below (dots denote time derivatives, primes spatial):

ρü(x, t) = σ′(x, t) +
f(t)δ(x− L)

A
(2)

u(0, t) = 0, σ(L, t) = 0 (3)
u(x, 0) = 0, u̇(x, 0) = 0 (4)

where δ – Dirac delta. When we put formula (1) into equation (2) and use standard formula ε = u′(x, t),
we obtain (fractional derivative Dα refers to time):

ü(x, t) =
E

ρ
u′′(x, t) +

η

ρ
(Dαu(x, t))′′ +

f(t)δ(x− L)

ρA
(5)

4. Solution

We use Rayleigh–Ritz method to solve (5) with conditions (3),(4), (Preumont, 2013). We search solution
of (5) in the form:

u(x, t) =

∞∑

n=1

wn(t)Φn(x) (6)

where wn(t) – unknown time functions, Φn(x) – n–th mode of free vibration of the bar. They are known
functions:

Φn(x) =

√
2

L
sin (λnx) , λn =

(2n− 1)π

2L
n = 1, 2, . . .

They satisfy the orthogonality conditions:

L∫

0

Φi(x)Φj(x)dx = δij ,

L∫

0

Φ′′i (x)Φj(x)dx = −λ2i δij , i, j = 1, 2, . . . (7)

where δij – Kronecker delta. Functions Φn fulfill boundary conditions (3) and consequently function (6)
also.

When we substitute (6) into (5) we obtain:

∞∑

n=1

(
ẅn(t)Φn(x)− η

ρ
Φ′′n(x)Dαwn(t)− E

ρ
Φn(x)wn(t)

)
=
f(t)δ(x− L)

ρA
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Let us multiply last equation by Φi for some i = 1, 2 . . . and integrate both sides of it in interval 0 ≤ x ≤ L.
Using orthogonality conditions (7) we obtain equation in time domain:

ẅi(t) + aiD
αwi(t) + biwi(t) = f̃i(t), i = 1, 2, . . . (8)

where

ai =
ηλ2i
ρ
, bi =

Eλ2i
ρ
, f̃i(t) =

(−1)i−1f(t)

Aρ

Closed–form solution of (8) one obtained by using Theorem 5.5 from (Srivastava et al., 2006):

wi(t) =

t∫

0

(t− τ)G(t− τ)f̃i(τ)dτ (9)

where

G(t) =

∞∑

n=0

∞∑

k=0

(−ai)k(−bi)n
(
n+k
k

)

Γ(2n+ (2− α)k + 2)
t2n+k(2−α) (10)

for bi = 0 (Scott–Blair model) we have:

G(t) = E2−α,2
(
−ait2−α

)
(11)

where Eα,β(t) – two–parameter Mittag–Leffler function defined as:

Eα,β(t) =

∞∑

n=0

tn

Γ(nα+ β)

Using Lemma 5 from (Kazem, 2013) we can obtain wi(t) for force f̃i(t) = f0t
N , where N = 0, 1, . . . and

f0 – some constant, in following form:

wi(t) = f0N !tN+2
∞∑

n=0

∞∑

k=0

(−ai)k (−bi)n
(
n+k
k

)

Γ(k(2− α) + 2n+N + 3)
tk(2−α)+2n (12)

5. Results

Here we give some numerical examples of solutions of equation (8) given by (9)–(12). Let us put ai = 1,
bi = 1 (however in one example we set bi = 0 to have Scott–Blair model).
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Fig. 1: Example solutions of equation (8)
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It is worth noting, that for α = 1, we have Dα = d
dt and in this case (8) takes the classical form:

ẅi(t) + aiẇi(t) + biwi(t) = f̃i(t)

Using standard methods for solving of the ordinary differential equations we obtained following solutions
of this equation for f̃i(t) = 1, f̃i(t) = t, f̃i(t) = sin t and f̃i(t) = sin t, bi = 0 cases respectively (ai = 1,
bi = 1 except for the last case, where bi = 0):

wi(t) = 1− 1

3
e−t/2

(√
3 sin

(√
3t

2

)
+ 3 cos

(√
3t

2

))

wi(t) = t− 1

3
e−t/2

(√
3 sin

(√
3t

2

)
− 3 cos

(√
3t

2

))
− 1

wi(t) =
1

3
e−t/2

(√
3 sin

(√
3t

2

)
+ 3 cos

(√
3t

2

))
− cos(t)

wi(t) =
1

2
(− sin(t)− cos(t) + sinh(t)− cosh(t) + 2)

One could check that graphs of above functions are the same as these for α = 1 in Fig. 1.

The graphs of wi(t) for f̃i(t) = 1 are presented in Fig. 1a. One can observe when α increase, vibration
amplitude decrease. It can also be seen from these graphs, that wi(t) oscilate around some asymptotic
value b, and this value increase with α (for α = 1 from solutions of classical equation: b = 1). Similar
conclusions can be drawn from the graphs in Fig. 1b (for f̃i(t) = t): wi(t) oscilate around asymptotic
functions wasymptotic(t) = at+ b for some constants a, b, vibration amplitude decrease, when α increase and
coefficient a increase with α (for α = 1 one can see from solutions of classical equation that a = 1 and
b = −1).

The graphs of wi(t) for f̃i(t) = sin t are presented in Fig. 1c and in Fig. 1d (bi = 0, Scott–Blair model).
One can observe that when α increase, vibration amplitude decrease and its frequency increase.

6. Conclusions

Dynamic analysis of the bar made from viscoelastic material loaded at its free end with given force varying
with time was caried out with help of Reyleigh–Ritz and Laplace transform methods. Fractional Voigt and
Scott–Blair models of the viscoelastic material has been assumed. Closed–form solutions of obtained frac-
tional differential equations has been found. Some numerical examples of the solutions of those equations
has been given. It has been noted that with order of derivative decrease vibration amplitude.
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