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Abstract: Presented paper deals with modelling of a twisted blade with rhombic shroud as one-
dimensional continuum by using beam finite elements with linearly varying cross-sectional 
parameters. The blade is clamped into a rotating rigid disk and the shroud is considered as a rigid 
body. Besides, in consequence of eigenfrequencies comparison with a 3D finite element model of 
the identical blade, material properties tuning is performed. 

Introduction 
In some publications dealing with modelling of turbine bladed disks, the disk is modelled by using 
3D finite elements, but the blades are considered as 1D continuum modelled by using Rayleigh 
beam elements [1, 2]. This method can be perceived as a basic tool for investigation of dynamic 
behaviour of the bladed disks and an alternative to more complex 3D finite element models of the 
blades [3]. Due to lower number of degrees of freedom, this approach can be advantageously used, 
for example, for geometric properties optimization because of less time-consuming computation. 

However, due to Bernoulli-Navier hypothesis considering (that says: during deflection, the plane 
normal cross-sections of the blade remain plane and normal to the deflected longitudinal axis of the 
blade), the turbine blades modelled by using 1D beam elements are stiffer than the 3D finite 
element models. This phenomenon is pronounced especially in case of so-called “short blades”. 
Therefore, material properties tuning of the 1D blade model is one of the options to attenuate this 
handicap. 

The aim of this work is modelling of rotating twisted blade as 1D continuum using material 
properties tuning as a result of eigenfrequencies comparison with a 3D finite element model. 

 
Fig. 1: Rotating twisted blade clamped into a rigid disk 
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Blade modelling and optimization 
The computational model of a twisted blade with rhombic shroud (that is considered as rigid) and 
variable cross-sections along the blade is shown in Fig. 1 [4]. This blade is clamped into a rigid disk 
rotating with constant angular velocity ߱଴. According to introduction, the blade is divided into N 
beam finite elements with linearly varying cross-sectional parameters and six degrees of freedom in 
every node [5]. Then, the equations of motion of the blade can be expressed in generalized 
coordinates 

�ࢗ  = ,௜ݑ  .  .  .]  ௜ݒ , ,௜ݓ �௜, �௜ , ߰௜ , .  .  . ]� ,     ݅ = 1, .  .  . , � (1) 

in following form 

ሷ�ࢗ��   + ሺ��  +  ߱଴��ሻࢗ�ሶ + �,࢙�]   +  ߱଴ଶ(�࢚࢙���,�  − �ࢗ[(�,��  = �, (2) 

where symmetric matrices ��, ��, �࢙,�, ߱଴ଶ�࢚࢙���,�, ߱଴ଶ��,� are mass, material damping, static 
stiffness, centrifugal stiffening under rotation and softening because of modelling in a rotating 
coordinate system, respectively. The skew symmetric matrix ߱଴�� represents gyroscopic effects. 

 Due to higher stiffness as a result of Bernoulli-Navier hypothesis considering, parameters � 
(Young’s modulus), � (Poisson’s ratio) and �௞ (torsion resistance) of every beam finite element 
were being tuned. The objective function has the form 

 ߰ሺ࢖ሻ =  ∑ [ሺ� + 1 − ݆ሻଶ. ቆ��ሺ࢖ሻ−��٭��٭ ቇଶ]�௝=ଵ , (3) 

where ࢖ is vector of optimization parameters, �௝ሺ࢖ሻ are eigenfrequencies of the 1D finite element 
model and �௝٭  are eigenfrequencies of the 3D finite element model of the identical blade. 

Summary 
Modelling of turbine twisted blades by using 1D beam finite elements with variable cross-sectional 
parameters can be an alternative to large 3D finite element models, especially in cases of parameter 
optimization or contact problems of bladed disks. However, the blades modelled by this method 
based on Bernoulli-Navier hypothesis are stiffer. Parameter tuning is a suitable tool to attenuate this 
handicap.  
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