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NEW MATHEMATICAL MODEL OF CONTINUUM MECHANICS
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Abstract: This paper presents a variant of a mathematical model of continuum mechanics. Adaptation of
the model is focused on unsteady term. The solution is based on the assumption of zero value of the
divergence vector, which can have a different physical meaning.
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1. Introduction

Solution of many problems of continuum mechanics is based on the method of control volumes.
Formulation of the task is often complicated by the unsteady term on which in the classic formulation
cannot be used Gauss Ostrogradsky theorem.

The above mentioned unsteady term often complicates the problematic of the solid-liquid
interaction. Major complications occur even in dealing with the interactions of fields of different
physical nature; for example the interaction of the fluid and electromagnetic fields.

The aim of this paper is to modify the mathematical model, so that it was possible to use Gauss
Ostrogradsky methods for the unsteady term integration.

The solution comes out a certain type of operator equations, which is typical for a wide class of the
continuum mechanics problems.

2. Mathematical model

Considering multiple contiguous region V bounded by the surface S. The boundary orientation is
defined by a unit vector outward normal n to the surface S.

The mathematical model is defined by the Cartesian coordinate system, the Euler approach, where
each independent variable, generally designated E depends on the spatial coordinate X and time t. Thus
E=E(xt), x= (X]-). In the V there is defined the variable field E.

The mentioned area is defined by a mathematical model using the summation convention in the form:

04: 9By _ . (1)
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In the equations (1), (2), we assume:

Ai = Ai(x, t) ’ BU = Bij[A(x' t)] ) Ai = Ai(x' t) (3)

C;i = Ci(x,t);

divC =0 @)

The move to a new model follows; if we apply on the equation (1) the divergence operation and
considering (4), we may write:

OBy =0, or also 9B x; = 0. %)
0x;0x; 0x;0x), "

After integrating (5) over the V we obtain:

9By 0By, 0x;
f X; N — I gy ©)
0xp, Oxy 0x;
s
C0n51der1ng - = §jj, using Gauss Ostrogradsky theorem we obtain:
Xj
G): 1% (7
f <6xk . _Bij>nj =0
5

Expression (7) is very important for the qualitative analysis, it determines the relationship between
aB]k

0A;
o and B;; on the boundary S, without the influence of unsteady term —

ot’
Into (7) we substitute now from (1). The following holds:

S

Expression (8) is crucial for solving of the interactions, because the influence of unsteady term is
transformed to the boundary S, compared to the original model (1), where for the integration over the
V and the use of Gauss Ostrogradsky theorem applies:

14

Hence it is clear that the analys1s and control volume numerical method greatly complicate integrals
over the volume V.

To a new mathematical model we move simply using the Gauss Ostrogradsky theorem on the
expression (8). Hence, it is clear that it applies:

d [04; (10)
a—xj[wxi + Bij - iji] av =0

Considering that the term has to pay for each volume V, can be placed inside the integral term is zero .
So shortly:

0 (04 11
6_<(')t X1+BU C]Xl>=0 ( )
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With regard to (2) also

04; (12)
—=0
Oxi

Equation (11) , (12) now form a new mathematical model for a class of operators of continuum
mechanics.

The model is not only suitable for the method of control volumes, but especially for the qualitative
analysis of the interaction forces in the fields of different physical nature; for example for the
determination of the solids/liquid interaction, or a magnetic field.

Evidence of the transition from the model (1) to (11) follows from the following identity; let us
put:

04; 0 04; ox; (13)
e (A = —Lx + A —
ot 0x]-( 1) ax; i T Y5y,

Considering the validity of (2) and % = §yj, the validity of (13) is proved. For the same reason holds
]
a .
G = % (C]-xi), since we assume (4).
If Cjonly a function of time, it holds that
Ci = Gi(D), (14

Can be used:

d 15
¢ = a—xi(ijf) (15)

3. Class problems of continuum mechanics, which can be transferred to the general shape (1),
(2) , respectively (11) , (12).

A. The equation for the vortex velocity Q = rotv (Brdicka et al., 2000; Sedov, 1976)

Z—? +rot(Axv)=0 (16)
divQ =0 (17)

Comparing with (1), (2) holds:
(18)

A=Q; Bij = gijk‘skmnﬂmvn

B. Maxwell equations: equation for magnetic field strength H assuming infinite conductivity (LD
Landau & EM Lifshitz 2003; Sedov,1976)

%—I: +rot(Hxv)=0 (19)
divH =0
Comparing with (1), (2) and (16) , (17), by analogy applies:
20)

A=H; Bij = 5ijk£kmnﬂmvn
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C. Equations of equilibrium macroscopic particles - Navier Stokes equations (Brdicka et al.,
2000; Sedov,1976)

avi 0 O'i]' _ (21)
E+a_xj(”"”f_7> i
Wiy 22
Comparing with (1), (2) holds:
9ij (23)

Ai=vi; By=vw—-F5 G=g

D. Homogenous conductor with constant conductivity and permeability

0H 24
E+rot(Hxv)—aAH=0 24)
divH =0 (25)

0H; 26

A=H; Bij = gijkgkmnHmvn —a : ( )

an
When we use our model of (11), it’s possible to write operators (16), (19), (21), (24) in the shape:

oQ
[6_ + rot(Q X v)] = —[ Fra + &ijkEkemnQmVn | = 0 (27)
JH 28
[E + rot(H X v) = —[ Fra + &ijkEkmnHmVn | = 0 (28)
ov; 0 al]) d [dv; 0ij (29)
Ly (v - g =—|Lx + v, - L — =0
at + 0x; (vlv] p 9= ax] ot TR p gixi| =
[ +rot(H x v) — aAH] =— [a;i’ Xi + €ijkEemnHmVn — aH’] 0 (30)

4. Conclusion

A new mathematical model of a certain class of problems of continuum mechanics was presented. The
model can be used for application of the method of finite volumes and qualitative examining of the
interactions of the environment with the different physical characteristics. Considering divA = 0 has
the original model form:

04; 0 (31)
'y " B.=(C:
oc tax Bu Tl

Its new, equivalent shape is shown by term:
d_[(94; (32)
a_xj (E— Ci>xi +BU] =0
Additionally it holds following identity:
0A 0A
—dV = j (—n) xdS (33)
Jt Jat
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Nomenclature :

A, B, C, E - general dependent variable
X — position vector

t - time

n - normal vector

V- volume

S - surface

2Q - angular velocity

v - velocity vector

8; - Kronecker delta

&ji - Levi-Civita tensor
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