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SEQUENTIAL DESIGNS OF EXPERIMENTS
FOR SAMPLING-BASED SENSITIVITY ANALYSIS

*

A. Kuéerova”, E. Janouchova *

Abstract: The sensitivity analysis is a basic tool for investigating the sensitivity of a model response to its
inputs. One widely used strategy to assess the sensitivity is based on a set of simulations for a given sets
of input parameters, i.e. points in the design space. An estimate of the sensitivity can be then obtained by
computing correlations between the input parameters and the chosen components of the model response.
The accuracy of the sensitivity prediction depends on the choice and the number of design points called
the design of experiments. Moreover, once the design of experiments is created, the obtained sensitivity
prediction may be inaccurate because of the insufficient number of design points. To improve the prediction,
new design points should be sequentially added into the existing design. The aim of the presented paper
is to review and compare available criteria determining the quality of the sequential design of experiments
suitable for sampling-based sensitivity analysis.

Keywords: Sequential design of experiments, Space-filling, Orthogonality, Latin Hypercube Sampling,
Sampling-based sensitivity analysis

1. Introduction

Sensitivity analysis (SA) is an important tool for investigating properties of complex systems. It is
an essential part of inverse analysis procedures (Kucerova (2007)) and is also closely related to response
surface modelling (Helton et al (2006)) or uncertainty analysis (Helton et al (2006)). To be more specific,
SA provides some information about the contributions of individual system parameters/model inputs
to the system response/model outputs. A number of approaches to SA has been developed, see e.g.
Saltelli et al (2000) for an extensive review. The presented contribution is focused on widely used
sampling-based approaches (Helton et al (2006)), particularly aimed at an evaluation of Spearman’s
rank correlation coefficient (SRCC), which is able to reveal a nonlinear monotonic relationship between
the inputs and the corresponding outputs.

When computing the SA in a case of some real system using expensive experimental measurements
or some computationally exhaustive numerical model, the number of samples to be performed within
some reasonable time is rather limited. Randomly chosen sets of input parameters do not ensure ap-
propriate estimation of related sensitivities. Therefore the sets must be chosen carefully. A review and
comparison of several criteria, which can govern the stratified generation of input sets called as a design
of experiments (DOE), is presented in Janouchova and Kucerovd (2011).

Another important aspect of a DOE generation is a choice of the number of design points. A small
DOE does not have to give us the required accuracy of the sensitivity prediction and one has to increase
the number of design points so as to achieve the accuracy improvement. Once having the time-consuming
measurements for the original small design, adding new points into the existing design is more efficient
than generation of the whole larger DOE. The subject of adding new points to the initial design is conside-
red e.g. in Crombecq et al (2011), where the authors use sequential space-filling designs for surrogate
modeling. In this paper we follow the results presented in Janouchova and Kucerova (2011) for small
DOEs and focus on sequentially generated DOEs based on the chosen criteria and their comparison
in terms of sensitivity prediction.
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The following section reviews the criteria for optimization of a DOE, which are available in litera-
ture. Section 3. includes some comments on widely used methods for stratified generation of a DOE
and Section 4. deals with generation of optimal sequential DOEs. Section 6. presents the comparison
of the optimal sequential designs quality for usage in sampling-based SA for theoretical analytical func-
tions, while the results for structural models are given in Section 7. Concluding remarks are summarized
in Section 8.

2. Criteria for assessing optimal designs

A number of different criteria for assessing the quality of particular DOE can be found in literature.
In general, they can be organized into groups with respect to the preferred DOE property. The most
widely preferred features are

* space-filling property, which is needed in order to allow for evaluation of sensitivities valid for
the whole given domain of admissible input values, so-called design space;

* orthogonality, which is necessary to assess the impact of individual input parameters.

Other main objectives can be preferable in particular applications of DOE. In response surface methodo-
logy, reduction of noise and bias error can become more important than the orthogonality (Goel et al
(2008)). Nevertheless, no special objectives were formulated for the case of sampling-based SA, so we
employ the common ones.

2.1. Space-filling criteria

Let us recall four widely used space-filling criteria.

Audze-Eglais objective function (AE) proposed in Audze and Eglais (1977) is based on a potential
energy among the design points. The points are distributed as uniformly as possible when the potential
energy EAF proportional to the inverse of the squared distances among points is minimized, i.e.

n n 1
i=1 j=i+1 Y

where n is the number of the design points and L;; is the Euclidean distance between points 4 and j.

Euclidean maximin (EMM) distance is probably the best-known space-filling measure (Johnson
et al (1990); Morris and Mitchell (1995)). It states that the minimal distance L,in;; between any two
points ¢ and 7 should be maximal. In order to apply the minimization procedure to all presented criteria,
we minimize the negative value of a minimal distance E¥MM i e.

EEMM = —min{...,Lij, }, 1=1.n, j= (Z + 1) - (2)

Modified L, discrepancy (ML>) is a computationally cheaper variant of a discrepancy measure,
which is widely used to assess precision for multivariate quadrature rules (Fang and Wang (1994)).
Here, the designs are normalized in each dimension to the interval [0, 1] and then, the value of MLy is
computed according to

L k 2(1 k) n k 1 n n k
EML2 ( ) ZH —z2) EZZHB — max (x4, )] (3)

d=1i=1 d=1 j=1i=1

where £ is the number of input parameters, i.e. the dimension of the design space and z4; and xj; are
the ¢-th coordinates of the d-th and j-th points, respectively. Since the evaluation of discrepancy for
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a large design can be time-consuming, some efficient algorithms are proposed e.g. in Heinrich (1996).
To achieve the best space-filling property of DOE, the value of MLy should be minimized.

D-optimality criterion (Dopt) was proposed in Smith (1918) as a pioneering work in the field of
DOE for regression analysis. This criterion minimizes the variance associated with estimates of regres-
sion model coefficients by minimizing the determinant of the so-called dispersion matrix (ZTZ)~! or
equivalently, by maximizing the determinant of the so-called information matrix (Z*Z) (de Aguiar et al
(1995)). Again, in order to apply a minimization procedure, but to avoid the inversion of the information
matrix, we can minimize negative value of the determinant of the information matrix, i.e.

EPPt — _det(277Z), (4)

where Z is a matrix with evaluated regression terms in the design points. An important shortcoming of
this criterion concerns a choice of the number of regression terms to be included into the information
matrix, because few terms can lead to the D-optimal DOE with duplicated points. In this contribution
we employ a Bayesian approach as described in Hofwing and Stromberg (2010) or Janouchova and
Kucerova (2011).

2.2. Orthogonality-based criteria

There are two well-know approaches to evaluate the orthogonality of a DOE. The most popular one is
based on correlation among the samples’ coordinates, the other one is a conditional number.

Conditional number (CN) is commonly used in numerical linear algebra to examine the sensitivities
of a linear system (Cioppa and Lucas (2007)). Here, we use conditional number of XTX, where X is
a matrix of the design points’ coordinates, so-called design matrix

11 X112 - L1k
T21 X222 - T2k

X — . . : bl (6)
Tnl Tp2 - Tnk

where n is the number of the design points and & is the dimension of the design space and the columns
are centred to sum to 0 and scaled to the range [—1, 1]. The conditional number is then defined as

EN = cond(XTX) = % , (7)

where \; and \,, are the largest and smallest eigenvalues of XX, respectively, therefore the ECN is
greater or equal to 1. Values closer to 1 correspond to more orthogonal DOE, therefore the conditional

number should be minimized.

Pearson product-moment correlation coefficient (PMCC) is a standard measure of a linear de-
pendence between two variables. Having two variables x; and x;, the PMCC is defined as

Cov (x5, ;) Za 1(xf“ xl)(x“j — ) (8)
Oz;0z, \/Za 1 xal - 2 Z 1(.’L'aj _Tj>2 ’

Cij =

where
n

! Zn::v and 7; = ! Z:v 9)
- al
" a=1 " a=1
The PMCC takes a value between —1 and 1 and positive values indicate that the value of z; tends to
increase together with increasing value of x;, while negative values indicate decreasing value of x; with
increasing value of x;. Zero value stands for no linear relationship between x; and x;. In order to obtain
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orthogonal DOE in a multi-dimensional design space, the PMCC needs to be evaluated for each pair of
columns in the design matrix (7). As a result, one obtains a k& x k& symmetrical correlation matrix

Ci1 €12 -+ Ck
C21 C22 -+ Cof

c=| . Cl (10)
Ck1 Ck2 - Ckk

In the case of an orthogonal DOE, the correlation matrix C is equal to identity matrix. To achieve
an orthogonal DOE, one can, for instance, minimize the maximum |c;;| as in Cioppa and Lucas (2007)
or the sum of squares of the elements above the main diagonal of C as it is done in engineering softwares
(Novék (2011); Novék et al (2011)) as well as in presented results, i.e.

E ok
cc
e[Sy )
i=1 j=i+1

Spearman’s rank correlation coefficient (SRCC) can be used to capture a nonlinear but monotonic
relationship between two variables and therefore, it can be efficiently applied for estimation of correla-
tions in sampling-based SA (Helton et al (2006)). The idea is to replace the values of z,; and x,; by
their corresponding ranks 7(z4;) and r(x,;) and then the SRCC can be computed as

6>y (r(xai) — 7(2a5))”
n(n?—1) '

pij =1~ (12)

In case of a multi-dimensional design space, the orthogonality of the DOE can be similarly to (11)
achieved by minimizing

(13)

Kendall tau rank correlation coefficient (KRCC) is an alternative measure of a nonlinear depen-
dence between two variables. In particular, it is based on the number of concordant (7. ;;) and discordant
(T},:;) pairs of samples according to

Teij — Taij

T = 1)/2 49

and again, the orthogonal DOE can be obtained by minimizing

3. Latin Hypercube Sampling

Since the optimization of DOE defined on real domains becomes computationally exhaustive even at
moderate number of dimensions or design points, practical applications are usually restricted to the op-
timization of the so-called Latin Hypercube (LH) designs (Iman and Conover (1980)). LH sampling
provides a possibility to represent prescribed probabilistic distribution of particular variables and hence,
it can be efficiently applied in uncertainty analysis (Helton et al (2006)). The idea is to divide the range
of each variable x; into n disjoint intervals of equal probability and one value z;; is selected from each
interval. This selection can be either random or commonly prescribed to the centre of the interval. Then,
the n values for each variable are randomly coupled without replacement with n values of other variables
resulting in n vectors of variables where each discrete value of each variable is used only once.
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The discretisation itself is quite useful for simplification of the optimization process. Therefore, we
focus our attention mainly to the optimization of DOE in discrete domains assuming that continuous
domains are usually also discretised so as to make the optimization process manageable. Of course,
the LH restriction simplifies the optimization even more, since the search space is significantly reduced.
However, it is not obvious, whether such restriction excludes the best solutions regarding the objective
of SA. Hence, we examine here both the LH designs as well as free designs without any prescribed
restrictions on points position.

4. Sequential designs of experiments

When generating experimental designs sequentially, lack of knowledge about the resulting number of de-
sign points leads obviously to worse properties of the resulting designs than the one-shot DOEs. Never-
theless, an optimization of a large one-shot DOE can become too complex and thus a sequential design
can achieve better qualities than the result of one-shot DOE optimization stuck in a local extreme.

The authors in Crombecq et al (2011) present a review of a different procedures for one by one
generated sequential designs and compare their qualities with one-shot DOEs in terms of projected and
intersite distance. In general, the aim of the described procedures is to provide DOEs with good space-
filling and orthogonal property, but they cannot be used for reliability analysis, since the DOEs do not
fulfil any probability distribution.

Other authors focus on LH designs which allow to maintain the probability distributions of particular
variables. Vofechovsky (2009) proposed strategies for adding new points into an existing LH design
based on sequential refinement of the domain discretisation. The methods, however, suffer from highly
increasing number of points to be added.

In this contribution we focus on a humble goal to compare the qualities of sequential designs obtained
by sequential addition of a constant number of new points, preserving the original discretisation and
optimized to the individual criteria described in Section 2.. We assume that adding of a constant number
of points, which can be handled by an optimization process, should provide a DOE with better qualities
than sequential one by one DOE:s.

5. Generation of Optimal Design of experiments

We start our comparison by generating small designs having 10 points in two-dimensional discrete do-
main. The both variables are defined always in ten equally distant discrete values. Each design is
optimized according to one of the criteria described in Section 2.. One set of LH designs is optimized
with the LH constrains, the other set of free designs is optimized without any constrains.

Since the designs are not excessively complex, the Simulated Annealing method (Kirkpatrick et al
(1983); Cerny (1985)) was applied to optimize each criterion. The procedure slightly differs for the free
and for the LH designs. While in the first case a single loop of the algorithm involves a sequential
selection of a design point and its random movement to any unoccupied position, in the latter case
the algorithm randomly chooses two points and then switches one of their randomly chosen coordinates.
The acceptance of a new solution is driven by the Metropolis criterion

exp <fold ;fnew) > U, (16)

where foq and fpew stand for values of a criterion for an actual and for a new solution, respectively. T’
denotes the algorithmic temperature initially set to T},ax = 1072 and gradually reduced by a multiplica-
tive constant Ty, = (Twax/10-5)"/1% after each mmax/10 iterations or sooner if the number of accepted
movements reaches the value mmax/100. The entire algorithm terminates after nyax = 109 criterion eval-
uations.

Of course, there is no guarantee that the global optimum is achieved, nevertheless, more frequent
falls to local extremes also reflect the shortcoming of a particular criterion. Hence, we decided to present
the obtained results without any deeper search for more robust and reliable optimization method.
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The optimization process was performed 100 times for each criterion and the obtained designs were
then employed as initial designs for sequential designs generation. Larger designs were generated se-
quentially in three steps by adding 10 new points into the existing designs. The following optimization
process is very similar to the optimization of the initial designs. The difference consists of optimization
only of the added points positions, while the optimized criterion is evaluated for the whole new design.

There are presented two methods for generating sequential designs in this paper. The first one is
based on unrestricted selection of new points according to the optimized criterion and both the free
DOE:s as well as LH DOEs were employed as initial ones. Figs. 1 and 2 show examples of resulting
designs of this first method. The plotted examples are chosen among the other designs for their worst
result in the sum of the minimal distances to other points. The aim is to show the worst results one can
obtain by optimizing particular criteria.

Lo Dopt PMCC SRCC KRCC
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Fig. 1: Sequential free designs.

Lo Dopt PMCC SRCC KRCC
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Fig. 2: Sequential free designs from original LH designs.
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The second method preserve the LH constrains also for the added points and thus, the equal num-
ber of points are located in each column or row. Here the LH designs are used as the initial designs.
The resulting DOEs obtained by this method are presented in Fig. 3.

Lo Dopt PMCC SRCC KRCC
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ok S A e oW v o A
B 20 S S O R B N

Fig. 3: Sequential mixed LH designs from original LH designs.

6. Sensitivity analysis on a set of mathematical functions

The SRCC criterion has been shown that it can significantly improve the results in estimating the impor-
tance of model parameters in sensitivity analysis for the case of nonlinear monotonic models (Helton et
al (2006)).

Having the numerical model given as

z= f(x1,29,...,2k) (17)

relating the model response z and the model parameters x;, the impact of the parameter x; to the model
response z can be estimated by evaluating their Spearman’s rank correlation p,, . according to

T (ew) — ()
n(n?—1) ’

where x,; are values of particular model parameter corresponding to points in DOE and z, are values of
model responses corresponding to these points.

In engineering practice, the majority of the numerical models fulfil the condition of a monotonic
relationship between the model parameters and the model response. Therefore, to support the study
of optimal DOE quality in sampling-based SA, we performed a comparison for a list of nonlinear but
monotonic models. The shapes of the chosen models plotted for the case of square 10 x 10 domain
are shown in Figure 4 together with corresponding parameter-response correlations obtained for the Full
design consisting of all feasible design points (here 100 points).

Then, the parameter-response correlations were estimated using the all obtained optimal designs and
the differences among correlations p obtained by the optimal designs and correlations p obtained by
the full designs are stored. The error measure ¢ in the parameter-response correlations evaluated for
a given function is considered as an average difference between each parameter and model response
correlation obtained by an optimal and a full design, i.e.

1 k
= 7 Z |ﬁxuz — P,z
=1

(19)
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[0.700  0.700] [1.000 0.000] | [0.679 — 0.679]
x16%2 z7? r1 + 23 z1 + log zo x1 + e*?

[0.217 0.973] [0.601 0.692] [0.132  0.990] [0.973 0.217] [0.111 0.993]
1 + Yo arctanx; — 5 | arctanwzy — 5 + Ya, | floor(y/z1 + /72)

(0.995 —0.100] | [1.000 0.000] | [0.938 — 0.279] [0.666 0.666] 0.644  0.644]

Fig. 4: Shapes of 15 functions for sensitivity analysis with the corresponding values of parameter-
response correlations.

The statistics over the obtained values of errors € is presented in Figure 5 using the box plots.

For an easier evaluation of particular criteria, the mean and maximal errors over all models multiplied
by 100 are listed in Table 1.

Tab. 1: Mean and maximal errors in correlation predictions for theoretical models.

AE EMM ML, Dopt PMCC SRCC KRCC CN

pointS mean max mean max mean max meéan max mean max mean max meéan max mean max

g 10 59 320 62 294 51 205 45 336 84 514 73 485 75 465 8.6 599
<20 33 165 46 197 3.1 143 29 207 5.1 342 44 324 44 299 44 374

30 21 120 43 171 22 106 3.0 174 3.6 252 33 227 32 261 29 220
1.5 100 41 160 1.7 85 25 13.0 26 190 24 234 25 196 22 170
overall 32 17.6 48 20.6 3.0 135 32 212 49 325 44 318 44 305 45 34.1
— 10 6.7 289 98 31.1 45 112 6.8 203 55 314 58 284 5.6 330 53 307
= 20 29 202 56 238 28 135 35 203 42 252 39 314 39 257 3.6 257

30 20 126 45 165 20 95 3.0 153 3.1 191 29 237 29 200 2.7 226

40 1.8 106 43 186 1.7 83 24 136 25 165 23 169 23 148 22 179
overall 34 18.1 6.1 225 28 106 39 174 3.8 231 3.7 251 3.7 234 3.5 242

10 6.7 289 98 31.1 45 112 6.8 203 55 314 58 284 5.6 330 53 307
20 48 154 7.1 253 28 102 6.0 193 3.1 20.8 3.1 185 3.0 18.6 3.0 252
30 26 113 53 229 23 87 25 96 21 218 22 182 23 175 22 205
40 25 90 49 192 16 59 23 88 16 113 1.6 126 1.8 155 1.7 15.1
overall 42 162 68 246 28 9.0 44 145 3.1 213 32 194 32 212 31 229

1st method
N
S

LH

2nd method
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Fig. 5: Statistics on results of criteria in estimating parameter-response correlations for theoretical
models. Each rectangle contains 15 box plots representing the distribution of errors in correlation pre-
diction for particular models depicted in Figure 4. The scale is 0 at the bottom and 1 at the top per
rectangle. Furthermore, each rectangle refers to the optimal designs according to one criterion asso-
ciated with the corresponding column and to the chosen number of the design points and the type of
restriction applied associated with the corresponding row.

7. Sensitivity analysis on truss structures

The sensitivity analysis study presented in the previous section is aimed on two-dimensional theoretical
problems. Therefore, this section is devoted to illustrative engineering problems with higher number of
dimensions. We have chosen two models of truss structures commonly used as benchmarks for sizing
optimization.

The first one represents a ten-bar truss structure (Venkaya (1971)) shown in Figure 6. The design
variables are the cross-sectional areas of the bars. This benchmark is defined with two types of variables:
continuous and discrete one. Here we focus on a discrete formulation with discrete values of cross-
sectional areas together with values of material properties and loading taken from Lemonge and Barbosa
(2003). All ten cross-sectional areas have the same 42 feasible discrete values (in?): 1.62, 1.80, 1.99,
2.13, 2.38, 2.62, 2.63, 2.88, 2.83, 3.09, 3.13, 3.38, 3.47, 3.55, 3.63, 3.84, 3.87, 3.88, 4.18, 4.22, 4.49,
4.59, 4.80, 4.97, 5.12, 5.74, 7.22, 7.97, 11.50, 13.50, 13.90, 14.20, 15.50, 16.00, 16.90, 18.80, 19.90,
22.00, 22.90, 26.50, 30.00, 33.50.
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360 in . 360 in
e 1 o o
- 3 10 Material: Aluminum
Specific weight: 0.1 1b/in3
7 P 9 Young’s modulus: 107 psi
y , \ Loading P: 100 kips
©x pt®

Fig. 6: Scheme of a ten-bar truss structure together with material parameters and values of applied
loading.

The second model concerns a 25-bar truss structure with a geometry, material properties and loading
given in Figure 7. Thanks to the symmetry of the structure, the bars can be organized into eight groups.
The bars in one group have the same cross-sectional areas and hence, there are only eight design vari-
ables. These variables are again discrete with 30 feasible values (in?): 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8,
09,10,1.1,1.2,1.3,1.4,1.5,1.6,1.7,1.8,1.9,2.0,2.1,2.2,2.3,24,2.5,2.6,2.8,3.0,3.2,3.4, see 2.

Material: Aluminum
Specific weight: 0,1 Ib/in3
Young’s modulus: 107 psi
Nodal loads

Node F, F, F,

1 1.0 -10.0 -10.0

2 0.0 -10.0 -10.0

3 05 0.0 0.0

6 0.6 0.0 0.0

Fig. 7: Scheme of a 25-bar truss structure together with material parameters and values of applied
loading.

The response of these models consists of three components: total weight of the structure w, maximal
deflection d and maximal stress s. Because of higher dimensions of these problems, we have generated
the optimal DOEs only with LH restriction, since they can be optimized more easily. This restriction
automatically specifies the number of corresponding design points, which has to be equal to the number
of feasible values (42 for the ten-bar truss and 30 for the 25-bar truss).

A simulated annealing method with the same parameters as described in Section 5. but with a maxi-
mum of 107 iterations was employed to generate 20 optimal DOEs using each criterion under the study.
The parameter-response correlations were then estimated using the obtained optimal DOEs and com-
pared with the correlations computed using the Large DOEs consisting of 2 - 107 samples generated
by Monte Carlo method. The statistics on the errors ¢ in estimation of parameter-response correlations
is demonstrated again in terms of box plots independently for each criterion and each model response
component, see Figure 8.

For clearer summarization of the obtained results, the mean and maximal errors in correlation pre-
dictions multiplied again by 100 are listed in Table 2.
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=
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A
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Fig. 8: Statistics on results in estimation of parameter-response correlations for structural models. Each
rectangle contains three box plots representing the distribution of the errors in correlation prediction
for particular model responses: the total weight w, the maximal deflection d and the maximal stress
s. The scale is O at the bottom and 1 at the top per rectangle. Each rectangle refers to optimal de-
signs according to one criterion associated with the corresponding column and to the chosen structure

associated with the corresponding row.

Tab. 2: Mean and maximal errors in correlation predictions for structural models.

Model AE EMM ML, Dopt PMCC SRCC KRCC CN
mean max mean max mean max mean max mean max mean max mean max mean max
w 51 75 49 75 41 55 43 54 62 103 59 92 58 7.5 27.0 29.7
o d 45 67 44 56 07 1.1 46 65 45 73 43 62 47 7.1 21.7 23.0
H‘r s 51 73 47 77 89 139 51 80 65 92 68 11.0 6.6 107 157 17.7
S overall 49 75 47 77 46 139 47 80 57 103 57 11.0 57 10.7 21.5 29.7
= w39 51 41 61 23 36 30 42 37 63 39 61 41 58 54 7.7
< d 27 36 36 67 04 07 29 40 3.1 50 27 46 29 44 34 55
® s 33 57 39 60 54 77 37 58 50 67 43 77 44 80 48 80
overall 33 57 39 67 27 77 32 58 39 67 36 77 38 80 45 8.0
w300 32.3 30.4 33.5 26.8 28.9 31.6 38.3 29.5 30.8 29.6 30.7 29.9 31.4 30.0 31.2
o d 246272 251 275 23.6 283 26.8 35.7 24.4 28.1 24.1 27.1 243 25.8 24.5 27.2
Hm S 226 259 232 27.6 21.2 27.4 252 33.4 23.8 27.2 23.0 26.0 22.7 25.8 23.4 263
S overall 25.7 32.3 26.2 33.5 23.9 28.9 27.9 38.3 25.9 30.8 25.6 30.7 25.6 31.4 26.0 31.2
e w  30.0 30.9 30.0 31.9 27.8 29.5 30.2 34.1 29.4 30.4 29.4 30.4 29.9 31.4 29.9 30.9
o d 239251 247 277 22.5 25.5 24.9 27.3 23.8 25.3 23.6 25.6 24.2 26.5 23.8 25.1
S 21.6 23.7 22.3 25.8 19.3 22.6 22.6 26.4 22.1 23.9 21.9 23.9 22.5 25.1 222 23.8
overall 252 30.9 25.7 31.9 232 29.5 25.9 34.1 25.1 30.4 25.0 30.4 25.5 31.4 25.3 30.9

8. Conclusions

This paper reviews eight criteria used for sequential optimization of a design of experiments and presents
a comparison of the resulting designs when employed for a sampling-based SA on 15 theoretical and two

structural models. The overall results can be summarized in several following conclusions:

* The quality of all the optimal DOEs can be improved by adding of new points and the conclusions
valid for small designs remains mostly valid also for the larger sequential designs.

* The best result was achieved by the MLy criterion, which is very robust and thus the obtained
DOEs provided very small errors in sensitivity predictions with very small variance. The LH
designs optimized with respect to MLy criterion provide better results and they are also more
easily optimized. Therefore they can be recommended for the practical usage.

* Orthogonality-based criteria provide good results on theoretical problems when applied for gene-
ration LH designs, but the resulting errors have higher variance and which lower their fidelity.
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* An interesting effect can be noticed on D-optimal designs. While the small D-optimal free designs
have significantly better results than the small D-optimal LH designs, this difference decreases
with increasing number of points and the larger D-optimal LH designs have the same or smaller
errors than the D-optimal free designs of the same size.

* Also AE criterion achieved very good results when applied to free designs, but the variance is
again relatively high.

* Worse results were obtained using EMM criterion.

The presented results revealed that the MLs criterion, which is not very popular, can provide very
good results when applied for the generation of the DOE for sampling-based sensitivity analysis. The
results obtained for 25-bar structure were unsatisfactory for all the studied criteria. This can be caused
by too small number of samples in the generated designs. However, the larger designs did not improve
the results significantly.
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