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NUMERICAL ANALYSIS OF COUPLED HEAT AND MOISTURE
TRANSFER BASED ON KUNZEL MODEL

J. Kruis *, J. Madéra ™

Abstract: Coupled heat and moisture transfer is still more often used in many civil engineering problems.
In connection with concrete and plasters, the Kiinzel model is very popular. Unfortunately, very different
orders of material parameters have devastating influence on the condition number of matrices obtained
after space and time discretization of problems. It results in severe numerical difficulties. This contribution
deals with some strategies leading to better numerical behaviour of the coupled transport processes.

Keywords: coupled heat and moisture transport, Kiinzel model, condition number, non-symmetric sys-
tems of equations.

1. Introduction

Continuous rapid development of computers enables solution of very complicated and complex prob-
lems. Whereas single-physics problems dominated in the past because of limited computer power,
multi-physics problems have become a standard in recent years. In civil engineering, the multi-physics
problems are usually represented by hydro-thermo-mechanical problems. The coupled heat and mois-
ture transfer is used in connection with concrete ageing, problems in soils and rocks, plaster design,
reconstruction of historical buildings, etc.

In the past, the temperature and moisture distribution in structures was estimated and the temperature
and relative humidity or the water content were assumed as material parameters of mechanical models.
Nowadays, simultaneous analysis of mechanical behaviour together with the temperature and moisture
distribution can be performed.

There are several models of heat and moisture transfer depending whether the convection or diffusion
phenomena prevails. Comprehensive list of models can be found in reference Cerny and Rovnanikova
(2002). The coupled heat and moisture transfer in buildings or building components is usually described
by the Kiinzel model which is summarized in section 2.

The material coefficients depend on the actual values of temperature and relative humidity and they
are not constant. It means, the conductivity matrix of material has to be computed in every time step. In
some configurations, the conductivities are very small and it leads to serious numerical problems because
there are zero diagonal matrix entries. In such cases, appropriate degrees of freedom should be removed
from the system and they can be returned back when the conductivities become physically important.

2. Kiinzel model of coupled heat and moisture transport

In 1995, Kiinzel proposed in reference Kiinzel (1995) a model of coupled heat and moisture transfer
suitable for building components.

The Kiinzel model of coupled heat and moisture transport is based on the relative humidity, ¢, and
temperature, 7'. Instead of the relative humidity, water content, w, can be also used but it is generally
non-continuous variable while the relative humidity is always continuous. The continuity of a variable is
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an advantage in the finite element method. The relative humidity is defined by the relationship

b P
pus(T)’

where p,, denotes the partial pressure of water vapour and p,s(7") denotes the saturated water vapour
pressure which depends on the temperature. The water content, w, can be expressed as a function of the
relative humidity, . The partial pressure of saturated water vapour in the air has the form

ey
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The vapour diffusion flux density has the form
q, =Dy, Vm+ DrVT =~ D,,Vm = —6Vp, , 3)

where D,,, (kg/m/s) is the mass-related diffusion coefficient, m (-) is the mass fraction of water vapour
related to the total mass of the vapour and air mixture, D (kg/m/s/K) is the thermo-diffusion coefficient,
T is the temperature, ¢ (kg/m/s/Pa) is the water vapour diffusion coefficient in air, p, (Pa) denotes the
water vapour partial pressure. The contribution D7 V7T is usually negligible and the mass fraction of
water vapour related to the total mass of the vapour and air mixture can be replaced by the water vapour
partial pressure. The water vapour diffusion coefficient in air has the form

5_ 23061070/ T \M
 R,T 273,15 '

“4)
where R, = 461,5 J/K/kg. Furthermore, in the case of small capillaries, water vapour diffusion resis-
tance factor, u, has to be introduced and the vapour diffusion flux density has the form
1)
q, = _;vPv = _6prv ) (5)

where d,, (kg/m/s/Pa) denotes the water vapour permeability. With the help of (1), the vapour diffusion
flux density can be written in the form

dpys
YT

q, = —0,VDy, = —0ppus Vi — 0p vT. (6)

Liquid conduction is described by the liquid flux density (kg/m?/s) in the form
q = —Dy(w)Vw, (7

where D,,(w) (m?/s) denotes the capillary transport coefficient. The liquid conduction can be also
described by the Darcy’s formula

q, = K1iVpy ®)

where K (kg/m/s/Pa) is the permeability coefficient and p; (Pa) denotes the capillary suction stress.
With the help of Kelvin’s formula, the capillary suction stress can be written in the form

Pr = —owlRoTIngp, )

where p,, (kg/m?) is the density of water and Ry (J/kg/K) denotes the gas constant for water vapour.
Equation (8) can be rearranged into new form

1 T
q = —K10,RoIn VT — KleROT;V@ ~ _KlgwRO;v@ : (10)

The term K10, RoIn VT is significantly smaller than the other and therefore it is usually neglected.
The liquid flux density can be also written in the form

q,=—-D,Vp, (11)
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where D, (kg/m/s) is the liquid conduction coefficient. Comparison of (11), (7) and (10) reveals rela-
tionships among the particular material parameters

dw T
D, = Dy— = K10wRo— . (12)
de @
Balance equation for the moisture has the form
ow ,
i —div(q; +q,) + Suw , (13)

where S, (kg/m3/s) denotes the moisture source or sink. Substitution of (11) and (6) into the balance
equation (13) results in

8w . dpvs
5 = div <D¢V<p + 0pPus Vo + Opip aT VT> + S, =
) dpus
= div ( (Dy + 6ppus) Vo + 6pp 9T VT |+ Sy . (14)
The time derivate on the left hand side can be further modified

ow dw dp
= = ZZF_p 15
ot dy ot e (15

Heat transport is described by the well known balance equation

OH  O(Hs+ Hy)

5 = 5 = —divgy + 5}, , (16)

where H (J/m3) denotes the total enthalpy, H (J/m?) denotes the enthalpy of dry material, H,, (J/m?) de-
notes the enthalpy of material moisture, g, (J/m?/s=W/m?) denotes the heat flux density and S;, (W/m?)
denotes the heat source or sink. The Fourier law has the form

ar = —AVT, (17)

where A (W/m/K) denotes the thermal conductivity of the moist material and 7" (K) denotes the temper-
ature. The source or sink of heat can be written in the form

Sy, = —hydivg, (18)

where h, (J/kg) denotes the latent heat of phase change and q, (kg/m?/s) denotes the vapour diffusion
flux density.

With respect to (6), the balance equation has the form

H dpys
8815 = —divgy + Sp = div(AVT) + h,div <5ppv5Vg0 + dpp (fT VT) =
: dpys
= div [ AVT + hydppus Vo + hydpe T VT ) =
. dpos
= div [ ~hyOppus Vi + | A+ hydpp aT vT | . (19)

Similarly to the mass balance equation, the left hand side can be written in the form

ot

OH st+de oT dH,\ oT
a dT dT

o oC+ ) S = hrr (20)

where o (kg/m?) denotes the density of material and C' (J/kg/K) is the heat capacity coefficient.
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Let new notation be introduced in the form

9, _ Dy, Dyr 9o |\ _
qr Dy, Drr gr

d vSs
Dy + ppus dpp P Vi
- dr dp : (21)
haOppos A+ hybpp d; vT
With the new notation, the balance equations have the form
0
hWaif = div (DypyV + DyrVT) | (22)
oT
hTTE = div (DTSDV(,O + DTTVT) . (23)

3. Initial and boundary conditions

The balance equations (22) and (23) are valid in domain €2 which has boundary I". The boundary of the
domain {2 is split into parts I'y, I',, where the Dirichlet boundary conditions are prescribed (prescribed
values), I'yr, Iy, where the Neumann boundary conditions are prescribed (prescribed fluxes) and I' yr
and I' v, where the Newton (Cauchy) boundary conditions are prescribed. The parts I'r, I'y7 and I'yp
are disjoint and their union is the whole boundary I'. The same is valid for the parts I'y,, 'y, and I' y,.

The Dirichlet boundary conditions have the form

p(z,t) =p(x,t), zely,, (24)
T(x,t)=T(x,t), =xelyp, 25)

where T(x,t) denotes the prescribed temperature on the part I'r and @(x,t) denotes the prescribed
relative humidity on the part I',. The Neumann boundary conditions have the form

q@(m,t) :@p(m,t), x€lyp, (26)
QT(mat) :6T(w¢t)v S I‘qT y 27
where g, (x, t) denotes the prescribed moisture flux on the part I, of the boundary and g (x, t) denotes

the prescribed heat flux on the Cauchy boundary conditions part I'j7. The Newton (Cauchy) boundary
conditions have the form

(Lp(mvt) :ﬁw(p(wat) _poo(mat))na S FN<,0 s (28)
qr(z,t) = Br(T(z,t) — Tw(x,t))n, x€lnr, (29)
where po (x, t) denotes the ambient water vapour pressure and 3, is the mass transfer coefficient, both
defined in the part I' ;. The pressures are transformed to the relative humidity with the help of relation-

ship (1). Too(x, t) is the ambient temperature and (St is the heat transfer coefficient, both defined in the
part I'nr.

Besides the boundary conditions, the initial conditions are prescribed in the form

SO(CB,O) = @U(m)a S Qa (30)
T(xz,0) =To(x), xe @31

where ¢o(x) denotes the initial relative humidity and Tp(x) denotes the initial temperature.
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4. Discretization of the differential equations

The finite element method is used for spatial discretization of the partial differential equations (22) and
(23). The weighted residual statement is applied to the mass balance equation assuming (0¢) = 0 on I',,
and (07") = 0 on I'7. The brackets are used for weight functions (d¢) and (67") because there are some
material parameters denoted by 4.

The mass balance equation multiplied by the test function (d¢) has the form
Oy .
[ 65¢) <hWE — div(D,, Ve + DwTVT)>dQ —0 32)

and the energy balance equation multiplied by the test function (67°) has the form

oT
/Q (5T) <hTTE — div(DryVe + DTTVT))dQ —0. (33)

Applying Green’s theorem, the weak formulation for the mass transfer yields

)
/Q (5¢)h¢@£dﬂ+ /Q V(6) Dy, Vipd + /Q V(6¢)DyrVTdQ +

de dT
_ (60) D, 32ar — / (60) Do SLar = o (34)

/FCILPUFNLP e dn FqTUFNT ’ dn

and the weak formulation for heat transfer
oT
/(5T)hTTatdQ + / V((ST)DTSOVQOCIQ + / V(dT)DTTVTdQ —
Q Q Q

d dT
- / (6T)Dyy—2dl' — / (0T)Dpp~—dl' = 0. (35)

TgoUl' N dn LqrUI'nT dn

In the finite element method, the temperature T' and relative humidity ¢ are approximated in the form

¢ = Ny(x)d, , (36)
T = NT(a:)dT y (37)

and the gradients of the temperature and relative humidity are also needed

Ve = By(x)d, , (38)

In the previous equations, IN () denotes the matrix of approximation functions for the relative humid-
ity, N7 (x) denotes the matrix of approximation functions for the temperature, B () is the matrix of
gradients of the approximation functions collected in the matrix N, (x), Br(x) is the matrix of gra-
dients of the approximation functions collected in the matrix N7 (), d, denotes the vector of nodal
relative humidities and dr denotes the vector of nodal temperatures. The approximations of weight
functions have the form

(6p) = N sy (x)d(50) (40)
(6T) = N 57y (x)d 57y 5 (41)
where the notation is similar to the previous one.

Using approximations (36)—(39) in equations (34) and (35), a set of the first order differential equa-
tions is obtained in the matrix form

(e B ()5 50(8)- ()
Kr, Krr dr Cr, Crr dr Ir
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The matrices K, K 1, K1, and K7 create the conductivity matrix of the problem and they have
the form

Ky, = /B%W)DWB@dQ KSDT:/B&O)D“’TBTdQ’ “3)
Q Q
Ko, = /Q BlsrDryB,dQ, Kipp = /ﬂ B{sr)DrrBrdQ, (44)

where the conductivity matrices of material D, D,r, D1, and Dpr are diagonal matrices and the
diagonal entries are equal to appropriate conductivities

dw dpys

dgogo = Dw@ + 5ppv57 dapT = 51)90 a7’ (45)
dpys
dTgo = hvdppv& dTT =+ hvépSD (46)

dr -

The matrices Co,, C 1, C1y and Crr create the capacity matrix of the problem and they have the
form

Cop = /Q N%,t;cp)Hszon’ Cor = /Q N&P)HS"TNTdQ’ “47)
CT(p = /QN%:ST)HT@N@dQ’ CTT = /QN%;T)HTTNTdﬂa (48)

where the capacity matrices of material H ,,, H,r, Hr, and Hpr are diagonal matrices and the
diagonal entries are equal to appropriate capacities

hpp = —, hyr =0, (49)

dH,,
hT<p = 0, hTT = pC + diT . (50)

The vectors f, and f contain prescribed nodal fluxes and have the form

fo= [  Nhaadr. fr= [ Nl 51)
TyrU'NT FqeUl'ng

where ¢, denotes the mass boundary fluxes and g7 denotes the heat boundary fluxes.

5. Numerical solution

From the numerical point of view, coupled problems are described by balance equations which have
the form of partial differential equations. The exact solution cannot be obtained with respect to non-
linearities hidden in the material models. Another obstacle is caused by very general domains which are
solved in real engineering problems. Therefore, numerical methods have to be used.

The balance equations (42) can be written in the form

Cyppo Cor ‘,1<p + Ko, Kor dy — f e | = f oo T f oT . (52)
Cr, Crr dr Kr, Krr dr fr Fre+ Frr
where the vectors f1- and f, denote prescribed nodal fluxes and they can be further split to two contribu-

tions. The vector f, is the sum of vectors f,, and f p which represent contributions to the nodal fluxes
caused by temperature changes and humidity changes. The meaning of other contributions is similar.

The system of differential equations (52) can be written more compactly in the form

C(d)d+ K(d)d = f, (53)
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where the dependency of the stiffness, conductivity, capacity and coupling matrices on the attained values
of variables is explicitly denoted. Ad and Ad denote increments of nodal variables and their time
derivatives.

The system (53) has to be solved by an incremental method. Time discretization is based on the
v-form of the generalized trapezoidal method Hughes (1987) defined by the relationships

dn+1 = dn + At’vn—‘rv ) (54)

Uniy = (1 = 7)n + Y041, (55)

where v denotes the first derivatives of nodal values with respect to time and -y is a parameter from the
range [0, 1]. The subscript n denotes the time step and it serves also as an index in the incremental
method, called the outer iteration loop. It is assumed that all variables are known at the time ¢,, and
variables at the time ¢,4 are searched.

Substitution of expressions defined in equations (54) and (55) to the system of differential equations
(53) leads to relationship

(Cn 4+ AYVK ) Vg1 = Frit — Kp (d + A1 —y)v,,) (56)

where C,, and K, denote the capacity and stiffness/conductivity matrices evaluated with the help of
values dy,. The system of algebraic equations (56) is generally non-linear and the Newton-Raphson
method Bittnar and Sejnoha (1996) has to be used at each time step.

The trial solution v,,41,0 of the system of equations (56) is used for computation of the trial nodal
values d,, 1, which are obtained from equations (55) and (54). Substitution of the trial solution back
to the system of equations (56) with modified matrices does not generally lead to equality. An iteration
loop, called the inner iteration loop, in every time step is based on residual which is computed from the
relationship

Totlj = Fopr— Kn(dn + AHL —7)vy) (57)
— (Cpy1j +AYKy115) Vg1

where C,11,; and K1 ; denote the matrices evaluated for d,, 1 ; and j is the index in the inner loop.
Correction of nodal time derivatives are computed from the equation

(Crn1,j + AtyK 1) AVng1j41 = Tt (58)

and new time derivatives are in the form
Vntlj41 = Untl,j + AVpi1 j41 - (59

It has to be noted that the permanent recalculation of matrices K and C' with respect to actual nodal
values is very computationally demanding. In such a case, the matrix of the system of equations C'(d) +
AtyK (d) has to be always factorized and it requires additional computational time. The numerical
examples show that the modified Newton method, which changes the system matrix only at the beginning
of a new time step is the best choice. More details can be found in references Kruis and Koudelka and
Krej¢i (2010) and Kruis and Koudelka and Krejéi (2012).

6. Numerical experiments

In order to show possible difficulties, coupled heat and moisture transfer described by the Kiinzel model
on a rectangular two-dimensional domain is assumed. Rectangular finite elements with bi-linear basis
functions are used. The quadrilateral element contains four nodes and therefore there are eight degrees
of freedom in the case of heat and moisture transfer on each element. The degrees of freedom are located
in vector

dz — (@17@2; @339047T15T2>T35T4) . (60)
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Tab. 1: Material parameters.

density of material 0=16.5 kg/m>

water vapour diffusion resistance factor =58 (-)

capillary transport coefficient Dy, =6.2x 10712 m?/s
dH
ar _ %

heat capacity coefficient c = 1567

Tab. 2: Thermal conductivity.

0.00000 0.0393
0.00219 0.0423
0.03040 0.0443
0.03968 0.0484
0.06349 0.5130

With respect to the ordering of degrees of freedom in the vector d, the matrix of basis functions has the
form

(Ny 0\ (N N; Ny Npy 0 0 0 0
N‘(o NT>_<O 0 0 0 N Ny Ny N4>‘ D

The matrix of partial derivatives has the form

% ON, 0
Ox ox
Oy ON, 0
O ) B 0

B=| % | = 4 - 7° . (62)
8£ 0 8N T 0 BT
ox ox
8£ 0 ONT
oy oy

The conductivity matrix of an element has the form
K = / BT"DB A0, (63)
Qe

where the matrices B and D are defined by relationships (62) and (21) respectively. (2. denotes the
element area. The conductivity matrix is assembled from four blocks in the form

T
B, 0 D,, D,r B, 0 \ ( B{Dy,B, B{D,Br )
0 Br Dr, Drr 0 Br BIDr,B, BYDrrBr |
If the diagonal conductivity matrices of material, D, D7, are zero or very close to zero, zero or

nearly zero entries appear on the main diagonal of the conductivity matrix of an element and on the main
diagonal of the conductivity matrix of problem.

Let the material parameters summarized in table 1 be used. Table 2 contains the thermal conductivity
which is given by measured data.
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The conductivity matrix of material, D, in the Kiinzel model is defined in (21). The matrix evaluated
at the beginning of the analysis has the form

| Dot 0ppus Opp—am [ 9.895512 x 1079 2.68344 x 10710

Dk = d = ( ) 5 > . (65)
Lobypos (A + Lydpp =2 2.418454 x 1072 4.013119 x 10

There are obvious differences in orders of particular matrix entries. The eigenvalues of the matrix are

A = 9.733798 x 1077, (66)
Ao = 4.013119 x 1072, (67)

and their ratio is
Kk = 4.123 x10°. (68)

In order to fix ideas, a plane stress problem is analyzed and compared with the coupled heat and moisture
transport. Let the Young modulus be £ = 50 GPa and the Poisson ratio v = 0.2. The stiffness matrix of
elastic material subjected to plane stress conditions has the form

L, EL 0 52083 10417 0
D,,=| £ £ o =10%| 10417 52083 0. (69)
E
0 0 oy 0 0 20833

The eigenvalues of the stiffness matrix of the material are

A = 20833 x 105, (70)
Ao = 41666 x 105, (71)
A3 = 62500 x 10° (72)

and the ratio of the largest and smallest eigenvalues results in the condition number
Kk = 3. (73)

The larger condition number, the worse behaviour of many iterative method and greater cancellation
errors. Comparison of the condition numbers (73) for plane stress and (68) for the coupled heat and
moisture transfer reveals that the transport problem behaves much worse than the plane stress problem.

The conductivity matrix of the whole problem has the following smallest and largest eigenvalues

0.000000001366664
A= : (74)

0.085677899281368
and the condition number is
k= 6.269 x 107 . (75)
The conductivity matrix of the whole problem has no kernel because there have to be Dirichlet boundary
conditions somewhere on domain boundary.
The generalized trapezoidal rule generates the following matrix C,, + AtyK,. The smallest and

largest eigenvalues are

0.0000669816805
\ = : (76)

132.3215121202840
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and the condition number is
k= 1.975 x 10° . (77)

It is slightly better than the condition number of the conductivity matrix of the whole problem K because
the capacity matrix is non-singular and positive definite.

The conductivity matrix of material D g based on the Kiinzel assumption is populated by entries
with very different order of magnitude. The better moisture insulation, the larger difference in orders of
magnitude. Theoretically, a perfect hydrophobic material leads to zero term dy,, = D, + 0,pys Which
results in a zero row and column in the conductivity matrix of a finite element K. Moreover, there could
be a zero column and row in the matrix of the whole problem which make difficulties for solvers of linear
algebraic systems of equations. In the case of real materials, the diagonal term D, + J,,pys is not exactly
equal to zero but it could be very small and rows and columns in the global matrix could be nearly zero.
The condition number of the global matrix is very large in such cases. It causes severe problems to
iterative solvers because the rate of convergence usually depends on the condition number. If a direct
solver is used for such systems of equations, significant cancellation errors could occur.

If materials with extremely small moisture conductivities are used, numerical difficulties may occur
when significant moisture fluxes are presents. Such situation emerges e.g. near boundary where moisture
flux is defined by external conditions. If an insulation material is close to the structure surface, the model
is unable to transport the moisture flux from the exterior into structure. It results in non-balanced fluxes
and the non-linear solver tends to reduce the length of time step. When the time step length is smaller
than reasonable threshold, e.g. 1073 s, the solver announces problems and it stops. This phenomena is
illustrated in figures 1 and 2. The distribution of relative humidity along the coordinate axis is depicted
in figure 1 while the time behaviour of the relative humidity at point near the external surface is visible
in figure 2. The red line represents the relative humidity for structure with insulation near the surface. It
means, there are extremely small moisture conductivities. On the other hand, the blue curve shows the
relative humidity for structure without an insulation. Another examples can be found in references Koc¢i
et al (2012) and Kodi et al (2010).

Zero columns and rows can be removed from the system of equations but it is not easy in real
world problems. It is difficult to recognize small value nearly equal to zero because of a hydrophobic
material with extremely small conductivity and small matrix entries caused by inappropriate scale of
variables. The decision which numbers could be removed from the system of equations has to be based
on evaluation of the heat and moisture fluxes. Contributions to the fluxes from particular gradients are
evaluated and they are compared. The moisture flux contains two contributions

4o =9pp T dor > (78)

where
dpp = (Dg+dppus)Ve, (79)
dor = 5;,@‘2? VT . (80)

Similarly for the heat flux

qr = 4qry T 477 (81)

where
qry, = hwdppusVy, (82)
arr = O+ hvapwdf;s )T . (83)

If some of the contributions q.,.,, 4.1, g7, grr are significantly smaller than others in the vicinity of
a node, the appropriate variable (temperature or relative humidity) is removed from the node and the
appropriate degree of freedom is removed from the discrete system. This operation represents perfect
barrier and no flux is possible there.
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Fig. 1: Distribution of the relative humidity along the thickness.
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Fig. 2: Behaviour of the relative humidity in time at point near external boundary.
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7. Conclusions

Modification of the algorithm for solution of coupled heat and moisture transfer based on the Kiinzel
model was introduced. It evaluates contributions to the moisture and heat fluxes and it adaptively deals
with the degrees of freedom defined in nodes of finite element mesh. If some fluxes are smaller than
the others, the appropriate degrees of freedom are removed from the system and perfect insulation is
obtained. When material parameters change their values, the degrees of freedom are returned to the
system.
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