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BENDING OF FUNCTIONALLY GRADED CIRCULAR PLATES WITH
PIEZOELECTRIC LAYER BY THE MLPG METHOD

P. Staiidk’, J. Sladek’, V. Sladek’, S. Krahulec"

Abstract: A meshless local Petrov-Galerkin (MLPG) method is applied to solve bending of circular plate
with piezoelectric layer attached at the top. Plate is analyzed as a 3D axisymmetric. Functionally graded
material properties with continuous variation in the plate thickness direction are considered.
Piezoelectric layer with applied nonzero voltage difference acts as a piezoelectric actuator, thus
deflection of the plate can be controlled. Local integral equations are defined from the set of governing
equations for mechanical and electric fields using appropriate test functions. Spatial variation of all
physical fields is approximated by the moving least-squares (MLS) method only in terms of nodes. After
performing all spatial integrations the system of ordinary differential equations is finally obtained and
solved using Houbolt finite-difference scheme.

Keywords: Meshless local Petrov-Galerkin method (MLPG), moving least-squares (MLS)
approximation, piezoelectric actuation, functionally graded materials.

1. Introduction

Advanced structural systems are required to be low-weight, high-strength and often to have also self-
monitoring capabilities. Recent progress in engineering and material sciences offers new possibility in
design of such structures; the multifunctional composites (Gibson, 2010) composed of so-called smart
materials. Among many smart materials the piezoelectric materials are dominantly used for control
and suppression of structural vibration (Adachi et al., 1994) because of their sensory/active
capabilities. In the recent years also the functionally graded materials (FGMs) (Suresh and Mortensen,
1998) are widely applied in structural design because of their excellent properties. FGMs are multi-
component composite materials in which the volume fraction of the material constituents is varying in
a predominant direction. This feature can be used to tune the selected properties into desired value. For
example structural element can be designed to have the strength of steel on one side combined with
the heat resistance of ceramics on the other side.

Analysis of complex structural systems requires advanced numerical methods because of complex
geometry or boundary conditions. Although the well established finite element method (FEM) is
applicable to analysis of piezoelectric structures (Benjeddou, 2000), the analysis of materials with
continuously nonhomogeneous properties such as FGMs can lead to certain difficulties. The material
coefficients in commercial FEM codes are assumed to be constant within an element, thus leading to
piecewise homogeneous idealization of FGMs. Boundary element method (BEM) is also not suitable
since proper fundamental solution is not available. In the last decade, an increasing attention has been
devoted to meshfree or meshless methods for numerical analyses. The motivation is clear from their
name; to avoid difficulties associated with mesh of finite elements such as expensive mesh generation,
shear locking or above mentioned difficulties in modeling of continuously nonhomogeneous media.
The meshless local Petrov-Galerkin (MLPG) method (Atluri, 2004) is considered as a basis for many
meshless techniquess. Meshless formulations based on the MLPG were recently applied to laminated
plates (Sladek et al, 2010a) and also to piezoelectric plates (Sladek et al, 2010b). Analysis of FGM
materials using MLPG was presented in (Sladek et al. 2005, Sladek et al. 2008).

In the present paper the analysis of functionally graded circular plate with homogeneous
piezoelectric actuator is presented. Similar problem was analyzed by Tauchert and Ashida (1999)
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using potential function method, although they considered only homogeneous material properties. Fig.
la) shows proposed geometry with FGM layer labeled by index 1 and piezoelectric layer by index 2.
A circular plate together with piezoelectric actuator can be considered as a 3-D axisymmetric body
with axis of symmetry passing through the center of the plate. With use of cylindrical coordinates the
original 3-D axisymmetric problem can be reduced to 2-D problem considered on the cross-section of
the plate (see Fig. 1b). An exponential variation of material properties is assumed for the FGM plate.
The coupled electro-mechanical fields are described by constitutive relations and governing partial
differential equations (PDEs). Nodal points are spread on the analyzed domain without any
restrictions. Small local circular subdomain is introduced around each nodal point. Local integral
equations (LIEs) constructed from governing PDEs are defined over these circular subdomains. For a
simple shape of subdomains- like circles used here, numerical integration of LIEs can be easily carried
out. Moving Least-Squares (MLS) approximation scheme (Lancaster & Salkauskas, 1981) is used to
approximate the spatial variations of electric and mechanical fields. MLS scheme ensures C'
continuity in each layer, but not across the material interface of plate and piezoelectric actuator. Thus
MLS approximation is carried out separately in each considered layer. Additional coupling equations
are considered for nodes on the interface to ensure the continuity of primary variables, normal
components of electric displacements (surface charges) and the equilibrium of the tractions. The
essential boundary conditions are satisfied by the collocation of MLS approximation expressions for
unknowns at boundary nodes. After performing the MLS approximation a system of ordinary
differential equations (ODEs) for certain nodal unknowns is obtained. Houbolt finite difference
scheme (Houbolt, 1950) is finally used to solve the system of ODE:s.
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Fig. 1: Geometry of the circular plate: a) original 3-D problem, b) assumed 2-D geometry

2. Local integral equations

Governing equations for general piezoelectric body under quasi-electrostatic assumption is given by
the equation of motion for displacements and the first Maxwell’s equation for the vector of electric
displacements as

o, (%1)+ X, (x,1) = p(x)ii, (x,1) (1)

D, (x,t)=R(x,t)=0 (2)
where t,u,,0,,D,,X,, R,pare time, displacements, stresses, electric displacements, vector of body
forces, volume density of free charges and material density, respectively. The dots over quantity
indicate the time derivative. Omitting the acceleration term in Eq. (1) one can easily transform the
dynamic problem to static one. The piezoelectric constitutive equations, representing the coupling of
mechanical and electric fields, are given by

O.zj(x’t):Cy'klgkl(X’t)_ekijEk (X’t) 3)

Di(x’t)zeiklgkl (X’t)+hikEk(X’t) (4)
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where C.

> € My represents elastic, piezoelectric and dielectric material constants, respectively. The

strain tensor ¢, and electric field vector E, are related to mechanical displacements u, and electric

potential y by

1
& = 5(”1'../' +tu,,) ®)
E =y, =_g_'/’ (6)
Xk

The following essential and natural boundary conditions are assumed for the mechanical field

u,(x,t)=u,(x,t) on T, o,n, =T (x,t)on T, (7)

/M i

and for the electrical field
w(xt)=y(xs)onT,, Dn =0(x,t)on T, (8)

where I',, T',, T',, T', are parts of the global boundary I' with prescribed displacements, tractions,

electric potential and surface density of electric field flux (surface charge density), respectively.
Consider now 2-layer circular plate as shown in Fig. 1a. Base layer, with index 1, has radius #

and height# |, top layer, with index 2 and considered as piezoelectric, has the height 4, but the same

radius =7 . Owing to the plate geometry, it is convenient to use polar (cylindrical)

coordinatesx =(r,6,z).

Coupled equations of piezoelectricity can be used for both layers, even if one is not made of
piezoelectric material. This is done simply by decoupling the equations using all piezoelectric
constants e, =0, but keeping nonzero dielectric material constants for non-piezoelectric (base)

material.

Since the problem is assumed to be axisymmetric, it can be reduced to 2-D, if cylindrical
coordinates are used, as in Fig. 1.b. Thus all physical quantities are independent on angular coordinate
6. Then, for the axisymmetric piezoelectric body we can write the governing equations (1), ( 2) in the
following form

o, (r,z,t)—04(r,z,t)

o, (rzt)+o,. (rzt)+

rr,r rz,z

+Xr(r,z,t)=piir(r,z,t) 9

r
o, (r,zt) .
o, (rzt)+o, (rzt)+————"=+X_(r,z,t)= pii_(r,z,1) (10)
r
D”(r,z,t)+Dz’z(r,z,t)+M:0 (11)
r

Constitutive equation for mechanical fields (3) is then also rewritten into
O, =C\E, TCEg tC3E, —eyE, (12)
Ogp = CipE,, € Egg T C3E., — ey E, (13)

0, =CE, T CEg TCiE,, — en k. (14)
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O-rz = c44grz - elSEr (15)

with mechanical strains specified to be

8}’7 :ur,z+u2,r (16)

re zz = Pz,z°

Finally, the constitutive relations for the electric fields are

D . =e.e_+h,E, (17)

D, =e,€, +e,Eyt+e,E, th,E, (18)

The MLPG method is based on the local weak form of the governing equations (9-11) that is
written over local subdomain Q. Local subdomain is a small region taken for each node inside the

global domain (Atluri, 2004). The local subdomains could be of any geometrical shape; in this paper
they posses circular shape just for simplicity. Local weak forms can be written as

J. rr,rztde+j0' rzt)deJrI [0' (r,z,t)-o0 ggrzt]deJr

(19)
+L2 X, r,z,t)p"szJQ Yo 78 r,z,t)p"dQ
_[0' rthdQ+'[ ZzzrthdQ+j 0' rthdQ+J. (r,z,t)qdQ=
(20)
:J.pri[‘z }’,Z,t)qﬂdg
J‘Qs D,, (r,z,t)w dQ+J.QS D, . (r,z,t)w dQ+L}A ;Dr (r,z,t)w dQ=0 21

where p*(x), ¢"(x), w'(x) are the test functions.

Local weak forms (19-21) are then the starting point for deriving local integral equations with the
use of Gauss divergence theorem and appropriate test functions. Heaviside unit step functions are
chosen as test functions for the presented problem in the same way as in (Sladek et al., 2010a). Local
integral equations take the form:

J.agf o, (r,z,t)ndl + LQS o, (r,z,t)ndl + J.Qj %[O‘W (r,z,t)— Oy (r,z,t)] dQ+

(22)
+_L> Xr(r,z,t)dQ:J‘Q piir(r,z,t)dQ
1
J.agx o,_(r z,t)n,,dl“+_“agj o (r, z,t)nzdF+J‘QS ~0. (r,z,t)dQ +-[95 X (r,z,t)dQ= o)
= jg pii, (r,z,t)dQ
1
J-aszs D, (r, Z,t)nrdl"+ J‘agy D. (r, z,t)nzdr+ J‘Qs ;D, (r, z,t)dQ =0 (24)

where 0Q, represents boundary of the local subdomain Q_ and #, is the unit outward normal vector.
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A meshless approximation is convenient for numerical solution of local integral equations. The
Moving least-squares (MLS) approximation can be used for the approximation of displacement and
electric potential fieldsu, (x,1), u_(x,t), w(x,t) by u'(x,t), u!(x,t), ¥ (x,¢) in terms of nodal values as

0 (0= (%0 = Y6 (9 (1) (25)
w. (%= (%0 = ¢ (i 0 (26)
Vx0=Y (%0 =X ¢ X (0 27)

where the nodal values #.(¢), @ (¢), ' (r) are so called fictitious parameters for the displacements and
electric potential, and ¢’ (x) is called the MLS shape function defined over n nodes located in a support

domain of MLS approximation. However, MLS support domain must contain only nodes from a single
layer bounded by the two-material interface due to discontinuities of strains and electric vector on the
interface of the plate and actuator (Sladek et al, 2009). The appropriate derivatives can be obtained
with use of the shape function derivative as shown in (Atluri, 2004). Derivatives of displacements and
electric potential are then given as

THCOE WACTIONACOE WA A0 28)

with indices k,/=(r,z).
C' continuity of the MLS approximation in each domain (layer) is ensured by the fourth-order
spline type weight function used for the construction of the shape function ¢’ (X) (Atluri, 2004).

Applying Egs. (25-27) for approximation of trial functionsu, (x,7), wu_(x,7), w(x,t) and their

derivatives in constitutive relations (12-18) and their insertion into local integral equations (22-24) is
leading to discretized local integral equations in the following form

>iof, [ (09, 09+ L2 1,(3)¢/ () + e, (). (x)}dn

s a0], [iqi’;.(x)ﬁ—;w‘(x)—C—wi(x)—cﬁQi.(x)}dQ—
P sLor r r r (29)
=2 O], g xdQ+ Y a0 [ e (06 (%) + cyn. (X)), (x) JaT +

+i¢f(r> Ji L, (00 (®) +&,n.(009,(x) T =~ X, (r,2.0)d 2
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> ai0) e [cm,<x)¢;<x>+%n2(x>¢"<x)+c13nz<x>¢,i<x>}dr+
+i"§ﬁ:‘(r> jg_y%¢,;(x>dn+§ﬁ;‘(z) Ji L35 (000 + cyum, (%), (x) T +
X0, 0 (0dQ- Y0, po a0+ (30)

ONAD me[elsn,<x)¢,i<x>+e33nz<x)¢,;(x)]dr+iv}"(t) Jo, o=

=— jQ X_(r,z,0)dQ

iﬁi(r) o [elsn,(xmi () + 2 (x)qf(x)+e31nz<x>¢>,i(x)}dr+

NG jg_%@(x)dmiﬁ;(t) [ [eism (8. () +eyn. (x)g. (x) T+
i:l : i:l * (31)
2O, 224, 0dQ= Y9 0 [y, (08, (x) +hsgn. ()9 (x) JT -

—2 YO, 4,042 =0

Collocation approach is used to impose essential boundary conditions directly, using MLS variable
approximations (25-27). For natural boundary conditions local integral equations are written for the
nodes on the global boundary.

Interface between two layers of the plate represents a discontinuity. The plate must be partitioned
to two patches with different material properties for the presented numerical modeling approach.
Patches or layers are discretized by meshfree nodes individually. Double nodes are defined on the
interface. One node belongs to each layer. Except the condition of coincidence of interface nodes there
is no restriction on the node location in the presented approach. For these interface nodes one has to
specify coupling conditions in order to ensure the continuity of displacements, potentials, flux of
electric displacements and the equilibrium of the tractions across the interface as

w (x',0)="u (x',t), 'T.(x,0)+°T (x',t)=0 (32)
w (X, 0)="u (x',1), T (x',0)+"T, (x,1)=0 (33)
y(x.0)="p(x,1), 'OK.,0)+’0(x,1)=0 (34)

indices 1, 2 indicate the corresponding layer and x' is an interface node.

Collocation approach is again used based on the MLS approximation (7). For example, the
equilibrium of radial displacements (first part of Eq. 32) is specified as

>0 ()G = D0 (1) (35)

In the same manner the equilibrium of tractions and electric charge can be specified, based on the
second part of Egs. (7, 8).
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Collecting the discretized local integral equations together with the discretized boundary
conditions and interface conditions, one obtains a complete system of ordinary differential equations
(ODE) which can be rearranged in such a way that all known quantities are on the r.h.s. Thus, in the
matrix form the system becomes

AX+Cx=Y (36)

This system of ODE can be solved by the Houbolt finite-difference scheme (Houbolt, 1950;
Sladek et al., 2010a). In this method “acceleration” term is defined as

XH—A[ — 2X1+At —5Xt + 42'Xt—At — X o (37)
At
where At is the time step. The value of the time-step has to be appropriately selected with respect to

material parameters (elastic wave velocities).

3. Numerical solution

For the numerical examples functionally graded graphite/epoxy circular plate is considered with
radiusz =0.3mand thickness # =0.02m. For the top layer of the thickness %, =0.0lm PZT-4

piezoelectric material is considered. The plate is loaded with uniform load of o, =10000Pa and

varying electric potential at the top. Potential at the interface is vanishing. For the approximation of
unknown field quantities in FGM layer 847 nodes were used and 726 nodes were specified for the
piezoelectric layer. Material properties of the graphite/epoxy layer are graded using exponential
variations

Ji(X) = o xp(7,2) (38)

where the symbol fy is commonly used for particular material coefficients and fijo correspond to

the material parameters at the bottom surface of the FG layer. It should be noted that various
exponential coefficients ¥, can be used for the individual material parameters. In presented analysis

two different values of the exponential coefficient y, =34.6575 and 20.273 are used for each graded
material coefficient. For the first coefficient y, =34.6575 material parameters are doubled with

respect to ones at the bottom surface. In other words, such a gradation will gradually increase material
coefficients defined at the bottom (z=0) to twice that large coefficients at the top (z=4h,) of the

graphite/epoxy plate.

The material coefficients of the graphite/epoxy layer are:
¢ =102-10°Nm™ | c,,, =4.98-10"" Nm™ , ¢,5, = Cpy, =6.86-10° Nm ™ ,

Cyyo =1.09-10° Nm™ , ¢,,, =2.87-10°Nm™ , e, =e,, =€, =0Cm~ ,

o =3.09-10"C(Vm)" , hy =2.65-10"'C(Vm)" , p=1578kg/m’

Piezoelectric PZT-4 layer posses these material properties:

¢, =13.9-10"Nm™ , ¢, =7.78-10°"Nm™ , ¢;; =c,, =7.43-10° Nm™* ,
¢y =11.5-10°Nm™ , ¢,, =2.56-10°" Nm™ ,

es=127Cm™> , e, =-52Cm> , e,=151Cm™ ,

h, =646-10°C(Vm)" , h,=5.62-10°C(Vm)”" , p=7500kg/m’ .



1214 Engineering Mechanics 2012, #48

In the first numerical example two different exponential variations are applied. Variation
represented by Eq. (38) increases (grades) material properties from bottom to the top, while following
variation

£, = f;(d —exp(y,2)) (39)

grades material properties in opposite direction. Constant d depends on the coefficients ¥, , values ¢=3

and d=2.5 are used, respectively. Results are compared to FEM-ANSYS solution with the fine mesh.
For FGM material modeling the piecewise homogeneous approach is adopted. Fig. 2 presents
variation of deflection for simply supported plate with the radial coordinate under static mechanical
loading and vanishing surface charge density. For both gradation schemes the
coefficient ¥, =34.6575. One can clearly observe that material gradation according to Eq. (39) gives

lower deflection compared to Eq. (38). This must hold true since increase of material constants in
direction towards the plate center has smaller effect on flexural stiffness compared to increase of
material parameters out of the center, as in case of Eq. (39). Thus exponential variation (39) should be
preferred in cases of 2-layer plates.

2,5E-05
homog. - MLPG
X - FEM
2.0E-05 ¥ ====FGMEq. (38)-MLPG
no_m__ [ | -FEM
= 15805 & O TN T FGMEq. (39)-MLPG
= . -FEM
2 o
g
&= 1.,0E-05 -
<
T 5,0E-06
0.0E+00
-5,0E-06
0,00 0,05 0.10 0.15 0.20 0.25 0.30

r[mj

Fig. 2: Variation of central deflection with radial coordinate for simply supported plate with
different material gradations
In the Fig. 3 the effect of exponential coefficient }, is observed. Pure mechanical load is applied

again. Exponential variation (39) is assumed. One can observe that deflection of the plate with
7, =20.273 is very close to one obtained for variation (38) as shown in Fig. 2. Very good agreement

between MLPG and FEM results can be observed. Effect of deflection suppression by active
piezoelectric layer is well observed in Fig. 4. FGM exponential coefficient y, =34.65751s used. It is

clearly observable that for FGM plate the deflection is almost totally suppressed. If electric potential is
not specified, vanishing values of normal components of electric displacement must be specified.
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Fig. 3: Variation of central deflection with radial coordinate for simply supported plate with two
different exponential coefficients
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Fig. 4: Variation of central deflection with radial coordinate for simply supported plate under
mechanical and electric load

Clamped circular plates are also analyzed. Both electric and mechanical loads are assumed. FGM
exponential coefficient y, =34.65751s used again. Fig. 5 shows variation of deflection for clamped

plates with homogeneous and FGM graphite/epoxy layer. Potential load y =-800V is not sufficient

to suppress the deflection completely as in case of simply supported plate, larger values have to be
applied. Note that negative potential difference must be applied between the surfaces of piezoelectric
layer. Positive values would act in opposite sense, thus increasing the deflection.
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Fig. 5: Variation of central deflection with radial coordinate for clamped plate under mechanical

and electric load

Response of simply supported 2-layer plate is also investigated under an impact mechanical load
with Heaviside time variation. Numerical calculations are carried out for 100 time steps and a time-

step size A7=0.3x10"s. The time variation of the deflection at the plate center (r=0;z="4/2)is

given in Fig. 6. The value of the central deflection of the FGM plate is smaller than that of the
homogeneous plate. It is due to the higher stiffness of the FGM plate. The peak deflection is shifted to
shorter time instants for the FGM plate, where the flexural rigidity is higher and the mass density is
the same for the FGM and homogeneous plates. Then, the wave velocities of the FGM plate are larger.
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Fig. 6: Time variation of the central deflection for a simply supported plate under an impact

mechanical load
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4. Conclusion

A meshless local Petrov-Galerkin (MLPG) method was presented for the modeling and analysis of
plate bending of 2-layer circular plate with functionally graded bottom layer and active piezoelectric
layer. Special treatment of material interface was employed through coupling of interface variables.
The MLS approximation was adopted for approximation of unknown physical quantities in each layer
separately. Proposed method is a truly meshless method as no elements were used for approximation
or for integration of unknowns. Numerical examples showed the effect of material grading and active
piezoelectric layer on enhancement of the plate’s flexural strength.
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