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MODELING OF FLUID DIFFUSION IN LAYERS WITH DOUBLE
POROSITY USING HOMOGENIZATION

E. Rohan, V. Lukes !

Summary: The paper deals with the perfusion in hierarchically arranged double
porous media constituted by transversely periodic layers. In each layer the ref-
erence periodic cell is composed of several compartments comprising the matrix,
featured by permeability decreasing with the scale parameter, and several discon-
nected channels where the permeability is scale independent. Homogenization of
the steady Darcy flow in such medium is performed by the method of periodic un-
folding. The limit model involves the homogenized permeabilities associated with
the channels and the transmission and drainage coefficients associated with the
mass redistribution between the microstructural compartments. Due to the layered
organization of the medium, the diffusion problem in 3D heterogeneous body can
be replaced by a finite number of 2D problems describing the homogenized fluid
redistribution in each homogenized layer. For such decomposition, coupling condi-
tions governing the fluid exchange between the layers can be derived. This model is
intended for simulations of the blood perfusion in the brain tissue.

1. Introduction

In this paper we report results on the upscaling Darcy flow in the strongly heterogeneous porous
material composed of two highly permeable disconnected compartments — the channels, sep-
arated by the matrix, where in the latter one the permeability coefficients are proportional to
the square of the heterogeneity scale; this is the usual ansatz of treatment the double porosity
media, see (5; 1; 2; 4; 10). The model is being developed for its application in biomechanics
of of the “hierarchical perfusion” in the brain tissue. We assume that the structure is formed
by layers and is transversely periodic in each layer. Here we treat only the homogenization of
the perfusion problem imposed in one layer. Such a homogenized model of the perfused single
layer can be adapted to describe perfusion in the double porosity media consisting of several
layers.
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Figure 1: The layer of the three compartment heterogeneous structure and the domain and
boundary decomposition of the reference periodic cell Y.

2. Problem description

We consider diffusion problem in layer Q° C R® with small thickness § — 0. Let 'y C R? be
the mid-surface of €2° spanned by coordinates 2’ = (z,), a = 1,2, so that

Q% =Tox] —8/2, +6/2].
The perfusion in the single layer is defined by solutions of the following b.v. problem:

Ve (k® - Vp?)=0 inQ°,

(D
K/E(S . vpa6 -0 on Fooé 7 n- K/a(i . vpsz — gaéi on F(H— U F(S— ’

where ¢°F is the perfusion flux and n is the normal vector. The permeability x°° is defined
piecewise w.r.t. the decomposition of ©° into three disjoint parts — two “channels” Q%, Q5% and
the “matrix” 25} which separate them, Q° = interiorQ5; U Q5 U Q% as illustrated in Fig. 1;
we consider the following double porosity ansatz, cf. (5; 4; 10),

K%(z) 2€Q%, D=AB
ed o D> ) ’
K(x) = { 2k (x) x € Q5. @)

2.1. Dilated weak formulation

The weak formulation of (1) is introduced by the following identity: given ¢=°* € L2(I'*?),
find p*° € H'(9°)/R such that

2.

Vq- K Vp* + Vq- 2R - Vp® = / g 9qdS, Vqe HY(Q).
D=aB "% Q58 r+our—24

3)

Since (1) is the Neumann type problem, its solution exists provided the boundary fluxes are

equilibrated:
/ ¢*°%dSs, =0. 4)
T +ed



If this solvability condition is satisfied, due to (2), for £ > 0 the existence of solutions re-
sults from the Lax—Milgram theorem. Since p° is defined up to a constant, to obtain a unique
solution, we may impose the following condition,

/ P’ =0, 5)
sl

which will also be used to obtain a priori estimates of the solution. Obviously, in the above
condition we could replace A by B.

Dilated formulation Variational equality (3) can be written equivalently in the dilated config-
uration where instead of Q° the layer is represented by domain 2 = I'yx| — 1/2, +1/2[ having
unit thickness. For given ¢°* € L?(I'*), find p° € H'(£2)/R such that

1
Z/ Vq- K-V + Vq-62l<.',€-Vp6:—/ g5qdS, Vge H'(Q). ()
Q5 r+ur-

D=A,B Q5 0

2.2. Periodic microstructure — representative cell

We set = =0, 1[%, I, =] — 1/2, 1/2[ and introduce the reference periodic cell, Y = = x I..
The periodic dilated structure of layer €2 is generated by cells Y° = ¢= x I, = {(e¢/,2) €
R? x R, (y,z) € Y}. The periodic structure decomposing € is generated by the following
decomposed structure of Y: let Yy, Y5, Yy, C Y be mutually disjoint open bounded such that

Y:YMU< > YD>U< > 8MYD) OuYp =0pYy =YpNYy, D=AB. ()

D=A,B D=A,B

Any of the (dilated) subdomains §27,, D = A, B, M is generated as the lattice:

Q5 = U (YDE +e€ Z ka€a> . Yy =A{(ey,2) e Y®, (v,2) € Yp}, (8)

keKe a=1,2

where &, = (§a1,002,0) and K& = {(ko),a = 1,2, ko € Z : (YE s ka(?a) c Ql,
where d,3 is the Kronecker symbol.

The upper and lower boundaries of Y are denoted by Y+ = = x 2% where 2% = +1/2.
Further, we introduce the boundary segments 0*Y = = x z* and define

0.Yp =0 Y NoYy,, D=AB M. )

Channels represented by Yp, D = A, B have branches intersecting 0.Y at surfaces A%,
(channel inlets, outlets), k € Jp, where Jp is the index set, so that

0:Yp = | ) A} (10)

keJp



3. Homogenization result

The homogenized layer is described by macroscopic model involving homogenized coefficients
which characterize permeability of the layer and fluid redistribution between different compart-
ments. The homogenized coefficients are determined by the microstructure of the layer and by
solutions of the microscopic problems.

3.1. Microscopic problems — corrector basis functions

In this section we introduce the so-called corrector basis functions as the solutions of a local
microscopic problems which are imposed in channels Y, D = A, B, and in the matrix Y},. Be-
low we use these functions to define the homogenized coefficients involved in the homogenized
macroscopic problem.

Microscopic problem in Y. For corrector functions associated with the channel inlet, outlet
surfaces A%, k € Jp, we need the following space decomposition employed below in (13).
Any g € H'(Y) N H'(Yp) can be written as

q= Z ¢" where¢" e Vi ={p e H' (Y)NH (Yp)| ¥ =0 ondY \ A} . (11)

keJp

Note that | J = HYY)n H (Yp).

i€Jp

1. Find ) € H'(Y)/R for § = 1,2 such that

/Y (K ' v?ﬁ%) ' VZ¢ = —/Y (K-VZ(ﬁ)ﬁ Vo € HY(Y), (12)

D
2. We define function %, € H'(Y) N H'(Yp) using the split
b =Ap+Ap, eV (13)
where for any k € Jp functions 4%, % are solutions of the following problems:

(a) Find 4% such that
1 N
(/ (K- ngp)-v@z:ii/'xqu&, Vg eVt (14)
Yp Ak
(b) Find 75 = 3" c, A 4%, where 43/ € VI, such that {v}7},, j € Jp solves

Z/Y -V f—f v’;qi:(aki—n/y( SVEAE) - VhG Vg e V' Vie Jp.

(15)



Microscopic problem in Y}, We introduce corrector basis functions n4,n5 € H'(Y) N
H*(Yar) and v/~ € H} (Y, Yyr) which satisfy the following Dirichlet conditions:

fOI‘D:A,B, nD:(SDR on(?MYR, R:A,B,

AT =0 ondyYaUouYs. (16)
The following two subproblems are verified by v/~ and 7p:
1. Find np € H'(Y) N H'(Yy;), D = A, B with condition (16); satisfied, such that
/Y (R-Vinp) - Vie=0 Vo€ Hyy(Y,Yu) (17)
M
Due to conditions (16);,
B =1-=na, (18)

so that 775 can be obtained easily once 74 is resolved, thus, only one problem (17) needs
to be solved for either D = A, or D = B. On integrating by parts in (17), assuming
enough regularity, the following boundary conditions hold for np, D = A, B:

n-k-Vinp=0 ond.Yy . (19)
On 0pY), the Dirichlet conditions are given by (16);.
2. Find v € H, (Y, Yar) such that
R Vi) Wl — ds, V¢ € Huy(V,Y
(R-V,7") - Vyo =+ @dS, Vo € Hig(Y,Yu). (20)
Yrr 0+ Y

Analogous problem can be defined to compute ~~; for this the r.h.s. integral is evaluated
over JY,,. Let us summarize that problem (20) is featured by the following boundary
conditions:
’y+ = ’}/_ =0 on GAYM U aBYM,
ntT RV T =1 ondy, Y, (1)
n RV =0 ond_ Y,

where n¥ is the unit normal vector on 9.Y outward to Y}, and notation +/—, or —/+
means the respective alternatives.

3.2. Homogenized coefficients

Using the corrector basis functions the following homogenized coefficients are introduced which
describe permeability properties of the layer (for detailed derivation see (7)).

e The in-plane permeability of channel D = A, B:
/Cfgz/y (K-Vo(rh+va) - Valrp +ys) . =12, (22)
D

where the symmetric form follows from (12) on substituting there ¢ = 71‘%.



e The Barenblatt transmission coefficient:
G:=G"= / n™ . g Vin,dS, = —/ n™ . g VingdS, = -G . (23)
aAYM 8AYM

Moreover, it holds that G4 = GZ = G, thereby also G4 = GB4 = —G; this result is a
simple consequence of ng = 1 — n4.

e The Matrix drainage coefficient (F2*/~ defined in analogy):

A~ _ / M) . it s, (24)
0aY M

e The Branch saturation coefficient (SP* defined in analogy for k € Jp):
5&4,1@ = / (K - Vy’yA) / (K - Vy'yA) Vhya , ke dy. (25)
Ya Ya

It is worth noting that GP, 7P+/~ vanish, when n!™! - k(y) — 0 for y € 9pYy,. In such a case
channel Y}, has impermeable boundary 0,,Yp, so that neither drainage through 0.Y),, nor via
the other channel is possible.

3.3. Macroscopic problem on layer I’

The macroscopic problem describes in terms of the channel pressures p*# and p*# the fluid
redistribution in the homogenized layer represented by the midsurface I'y. The data of the
problem are the fluid fluxes prescribed on the “upper” and “lower” boundaries of the layer; in the
limit model these fluxes are represented by the channel branch fluxes g%, € L*(Ty) for k € Jy,
D = A, B describing fluxes through surfaces A%, and by the matrix fluxes g*, g~ € L*(T')
which describe the fluid exchange through 0.V}, i.e. the dual porosity and the exterior.

The limit equations involve fluxes g% which are introduced using g% € L?(T'y) (defined
independently each of the others) as follows

o ke, 9T

leJp

a.e. on ['y.

The limit problem involving the homogenized coefficients (22)-(25) is described by two
equations describing the in-plane redistribution in channels A and B (the Einstein summation
convention is applied for repeated indices o, 3 = 1,2). Given fluxes gp and g%, k € Jp,
D = A, B and g*, g~, compute p*4, p®8 € H'(T'y) such that

/IC oz o5+ [ G* (0" = p"P) q
To

/ Ny / SHdhosa~ [ (Fret e FUg) e Yo BT
o

=
27)

IC ax OBaBQ‘i‘ gB <p0,B_pO,A)q

To Ty

1 A Bkgh o B+ + B— — 1
:EFqGB—ZFS 3q—r(f g+ F g)q Vg e H (Ty) .

keJp



. 4.115 0.0 .
In-plane permeability KA = 0.0 4.250 x 1073
4.382 0.0
KP=100 s699| X107
Barenblatt transmission Gg=14.144
Matrix drainage FA=1-0199 —0.317
FB =[-0.368 —0.265]
Branch saturation SA1=10.090 —1.469] x 1073

S§B1 =10.026 2.581] x 1073
S§42 =10.043 —1.709] x 1073
S§B2 =[0.008 0.682] x 1073
S48 =10.0217 3.829] x 1073
SP3 = [[0.024 —4.115]} x 107°

Table 1: Homogenized coefficients of the 3D microstructure.

For detailed development of the model we refer to (7). The model is implemented numer-
ically in our in-house developed software SfePy which is based on the finite element method,
see http://sfepy.kme.zcu.cz, http://sfepy.org

4. Numerical illustrations

In this section we give an illustrative example of a specific double porosity microstrcture and
the associated homogenized coefficients introduced above. The geometry of the representative
volume element (periodic cell) Y at the microscopic scale is depicted in Fig. 2. The RVE
consists of matrix represented by Y, and two embedded channels A (red), B (blue). In Figs. 3
and 4 we show computed corrector functions 7r114’2 (see (12)) in channel A and v~ (see (20)) in
matrix Y},. The homogenized coefficients (22)-(25) of the 3D microstructure are in Table 1.

The homogenization procedure leading to model (27) is described in (7). In a forthcoming
publication we shall explain in detail numerical aspects of the multiscale modeling for the case
of multiple layers.
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Figure 2: Geometry of the reference periodic cell Y: two channels A, B embedded in ma-
trix Yy,.
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Figure 4: Corrector functions 4"~ in matrix Yy, (left: 4, right: 7).
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