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PERFORMANCE-BASED DESIGN APPLIED FOR A SHAFT
SUBJECTED TO COMBINED STRESS

K. Frydrysek”

Summary: “Performance-Based Design” (PBD) is based on theaity of
probability which is connected with statistics. PBB also based on the
performance requirements which are usually defingsl a synthesis of
functionality, all-in cost, safety etc. Performaneguirements can be expressed
as an acceptable level of damage, which is defmedcceptable probability of
possible failure. In the following example is useBRA method (Simulation-
Based Reliability Assessment Method, direct MongloCMethod, AntHill
software). A shaft of unknown circular shape isomqul to bending moment,
normal force and torque, which are given by trumchhistograms. Yield limit of
the material is also given by truncated histograrhe task is to calculate the
nominal value of diameter which is given by nortnahcated distributiont1%.

The acceptable level of damage is related to ible yimit. The calculation of the
diameter, with given acceptable probability of dayadevel (i.e. solution of the
inverse problem of theory of probability), mustdmdved via iterative approaches
(secant method, bisection method etc.). Henceetdhg solution of this type of
inverse problem is much difficult than the solutiointhe classical problem of
theory of probability.

Introduction

In the last several decades, the
science and engineering community
has progressively ventured outsidez
of traditional boundaries in terms of ©
materials, loads, configurations etcf
for structural systems in mechanics<=
Consequently, a new designer's
approach called Performance-Baser 0
Design (PBD) can be defined as:
“Design specifically intended to
limit the consequences of one or ) )
more perils to defined acceptable Fig.1 Fig.2 Structure of PBD.
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levels”. PBD is based on the theory of probabibityd depends on many inter-connected
issues including classification of constructed sys, definition of performance, tools for
measuring performance, quantitative indices that seave as assurance of performance, and
especially, how to describe and measure performaspecially under various levels of
uncertainty which is connected with statistics. léoer, comprehensive approach of PBD is
still in its infancy.

PBD is based on performance requirements whichuawally defined as a synthesis of
functionality, all-in cost, safety etc., see Ficahd 2. Performance requirements can be
expressed as an acceptable level of damage, whidefined by acceptable probability of
possible failureP, ... For more details see reference (Hamburger, 1999).

Solved Example - PBD Applied For a Shaft Subjectetb Combined Stress

In the following example is used SBRA method (Siatioin-Based Reliability Assessment,
direct Monte-Carlo method, AntHill software), selafek & GusStar& Anagnos, 1999;
Marek & Brozzetti& Gustar, 2003).

M, < \Ma A shaft of unknown circular shape (see
N Fig.3), is exposed to bending moment
<= : M, =581515.3%22>°Nmm, normal force

N =157493.7535535° N and torque
Fig.3 - Shaft Subjected to Combined Stress, =367485.4%%L Nmm , which are

=217765.8

given by truncated histograms, see Fig.4 to 6.dvliehit of material isR, = 338.3" MPa,

see truncated histogram in Fig.7. Calculate thaevaf diameteD which is given by normal
truncated distribution+1% (i.e. D’5r) with accuracy0.lmm. The acceptable level of

damage isP,..cpr = 0.0005=0.05% (standard reliability level) is related to yieliahlt. In
other words,0.05% of all loading states can result in yielding.

) I™ Feselcudte [ Disorete  Stepsiaoooono  Anthill [ N [~ feceicute [ Discrete  Stepsiaooooon  Afithill
“ariahle: IMG - [E— Quantile EHEEE Probabilty Quartile
Minimum: 236918 9647000 Maximum: 1363771 95000r I0-05 352192 1852000 Winimurn: B4165 5528400 Maximum: 374771 5724000 —I0.05 59715.7 1686000
Mean:  577781.2445000 StDeviation: 125308 2163000 @05 551515 25e00; Mean: 1664324204000 StDeviation: 34100.1418000C g - 157 49373400010
Covar 021791676 Variance: 1.585287892E1( Covar 021791676  Varance: 1162819678 000
Skewnes:021321962  Murosis: 0 3&1e9isa D75 FRADFR 202500 Skpwnes: 021921967 Kurtosis:  0.351E0tEs LIS 1771970954000
Median:  A814156 3266000 EIID a5 755656 porennr Median: 1674537340000 E.IU_95 213567 2220000

300000 500000 700000 900000 1100000 1300000 70000 140000 210000 250000 350000

Fig.4 - Histogram of Bending MomeM . Fig.5 - Histogram of Normal Fordé.
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b [ Feccbute [ Discrete  Stepscaooooon  Anthill [ fecaicute [ Discrete  Stepsiaonooon  Afithill
Yariable: - Probsbility Guantile Variable: |Re :I' Probability Guartilz
Minimum: 149719.623600 Maximum: 574467 00z300c |0 05 232677 DORO00 i v 248.00016900  Maximum: 499 99260500 —IB|D.05 265 40813260
Mean: 365126647600 StDeviation:79556.9977700C JH[p 5 (57425 703000 Mean: 33916127280  SiDeviation 3262434051 Jijas 330.29939440
Covar 021791676 “arfance: 6330907 135.000 Covar:  0.09619407 Variance:  1064.34759400
Skewnes:021321952  Kumosis 036iosiss B0 £3589 897000 Gyoumee:0 33301319 Kurtosis 12115808 075 358.38491710
Median:  357485.373300C E.IU a5 4057375 5170000 Median:  338.28939440 E.IU 95 391 55420360
-
150000 330000 510000 E30000 870000 250 30 37 430 430
Fig.6 - Histogram of Torqué , . Fig.7 - Histogram of yidithit R,.

According to the theory of small deformations @gsek& Adamkova, 2007) can be
written:

M M
o= N2 + 03 = 42 N+8 °, T:16M3k , (1)
D D D D D
4 32

where o /IMPa/ is maximal normal stress amdMPa/ is maximal shear stress.
Hence, for equivalent von Mises stressg,, /MPa/ can be written:

2 D DZ
Factor of safety (i.e. probability of situationserhR, > og,,,,, ) is defined as:

2
8M 48M 2
UHMH:V02+3T2:]T; [N‘F Oj + S (2)

FS= P(UHMH -R <0) | (3
where operator P” means probability.

Hence, whenFS >0, it is evident that yield limit is not reachede(iin the shaft are not
any plastic deformations).

The goal is to calculate diametBr which satisfy condition:

FS< Prccepr - (4)

However, it is necessary to applied iteration rndgh(because from eq. (2) is not possible
to express directly the unknown paramel®). Hence, iteration loop with application of
secant method can be used, see Fig.8.

For chosen initial conditions (diametersp, =30+ 03mm a D, =48+ 048mm

(truncated normal distributions1%) is possible to calculate (via SBRA method fd)®
Monte Carlo simulations) the values Bf, and FS;:

D, =30+ 03mm, FS,=0.86992% P, .or
D, =48+ 048mm, FS, =0.000032 P, .or .
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Fig.8 - Secant Method (CalculationBf). Fig.9 - Bisection Method (Calculation BYX,).

Hence,FS, 2 Pyccepr @Nd FS| < P,cpr- It IS evident that the required diamet@r must
be in interval:D (D, ; D, ) = (30+ 03; 48+ 048) mm.
From Fig.8, can be derived new approximation ofrditer (i.e.D,) via secant method:

p— + —
D, = f(PACCEPT) - Dl(PACCEPT FSO) DO(FS.L PACCEPT) =47.9+0.48mm .
FS -FS,
From the results of AntHill software follows:
D, =47.9+0.48mm, FS, =0.000035< P,ccepr »

DO(D,;D,)=(30+ 03; 479+ 048) mm .
Next approximation ofD (i.e. D,) can be also calculated via bisection method, see
Fig.9. Hence:

D, +D

D, = 2 =38.95+£0.39mm, FS, =0.04873% P, cepr »

DO(D,;D,)=(3895+ 039; 4790+ 048) mm .
Next applications of bisection method give:

+
D, = D32D2 =43.42+0.43mm, FS, =0.002057 P, ccor

DO(D,; D,)=(43.42+0.43 4790+ 048) mm ,

+
D, = D42DZ = 45.66+0.46mm , FS, =0.000292< P, co; ,
DO(D,; D) =(43.42+0.43 4566+ 046) mm ,
D, +D
D, = % = 44.54+0.45mm , FS, =0.000820> P, cor

DO(D,; D) = (44.54+ 0.45; 4566+ 046) mm ,
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Because the values &S, and FS; are very close to given value & .o, it is wise to

increase the number of Monte Carlo simulation8#d0°. Hence, the calculated values of
FS will be more accurate.

Next application of bisection method gives:

+
D, = DGZDS =45.1+0.45mm, FS, =0.00049% P, ... ,

DO(D; D,)=(44.54+ 0.45, 45.1+ 0.45 mm.

Next application of secant method gives:

— + —
D, = f(PACCEPT) = DY(PACCEPT F':S§l)_ '[:);(FS7 PACCEPT) =45.098+ 0.45mm ,
5
FS, =0.000544> P,,, , Dg; =45+ 045mm ,

D0(Dy; D,)=(45.0£0.45, 45.1+ 0.45 mm .
BecauseD,; L D, and FS, [ P, - (With defined accuracy 0.1 mm), the diameter is:

D =D, =451+ 045mm ,

see histograms shown in Fig.10 and 11.

) Iﬁ [~ Recslculste [ Discrete  Steps: 3000000 Arlthlll ) Iﬁ [~ Recslcuste [ Discrete  Steps: 3000000 Arlthlll
Variable: [0 r Frobahility Guantile Variahle: |5 i Probahility Quantile
Minimum: 4464500000 Maximum: 4555100000 0| Minimum: -110.60573340  Maximum: 42119456770 B0 000499 v
Mean: 4509995742  StDeviation:0.14530549 E.I Mean:  173.29415460  StDeviation:48.69124477 E.Ig_sggggggg 173.21549750
CoVar:  0.00328837 Variance:  0.02199452 CoVar  0.28097454 Variance:  2370.83731700
Skewnes: 0000BOET5  Kumosis: 017103474 M| Skewnss: 001133575 Kunosis:  0dsoodton D [ 11071743240
Median: 45.09972358 E.I Median: 173.21549750 E.Ig [ 11071743240

Fig.10 - Calculated Diameter. Fig.11 - Factor of Safdtp
D =45.1+ 045mm Calculated for=45.1+ 045mm.

Hence the diameteD =45.1+ 045mm is calculated with the acceptable level of
damage P, .cpr = 0.0005=0.05%. In other words,0.05% of all states will result in
yielding.

The results of the presented iteration loop asation D = f(FS) is shown in Fig.12.
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Fig.12 Diagram of Convergence for Calculated Diaan& (Results of Iterative Procedures).

+25990

Histogram of calculated streser,,,, =16689%;; MPa and 2D histogram of
R, = f (0, ) are presented in Fig.13 and 14.

Wariahle: |sighmh -

I™ | Recalculate

Minimurn: 67 57986561 Maximum: 42679412730
Mean: 165.84120090  StDeviation: 3617218046

Covar  0.21811333 “ariance:
Skewnes: 0.21443790 Kurtosis:
Median: 166.89012310

1308, 42663900
0.36484444

[ Discrete  stepsizcooonn Anthill
Probability Cuaritile

Tl o= 105 B3163570

o= 166.80012310

W 7= 187 743220

Mo o5 22640748300
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390

Fig.13 - Maximum Stresg,,,, Histogram

Calculated folD = 45.1+ 045 mm.
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S
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Fig.14 - 2D HistograR) = f (0, )
Calculated fdD = 45.1+ 045mm.
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Conclusions

Performance-Based Design as a new and modern imemeéchanics is based on theory
of probability and stochastic methods.

The calculation of the diametdd , with given acceptable probability of damage level
P.ccepr (i-€. solution of the inverse problem of theorypobbability), is solved via iterative
approaches (secant method, bisection method). Heacget the solution of this type of
inverse problem is much difficult than the claskm@blem of theory of probability.

Instead of secant method or bisection method camsbd also another methods such as
Regula-Falsi Method etc.

The whole iterative procedures and Monte Carlo Rtrans can be speed-up by
application of parallel computers. However, on pinesent days, it is impossible to solve the
large problems of mechanics via PBD. The reasothisf is the low rate of present-day
computers.
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