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MODELING OF REINFORCEMENT CORROSION IN CONCRETE

D. Mateso\a, M. Vofechovsky *

Summary: Corrosion of reinforcing steel in concrete is one of the mo#tienc-
ing factors causing the degradation of reinforced concrgteictures, conducting
to concrete cracking and spalling. The detrimental effdctarosion is due to
the fact that a rust product has a volume 2 - 6 times larger ttrenoriginal steel.
Consequently, the rust products exert an expansive strefiseosurrounding con-
crete whose tensile strength is usually low. This papemngits the application of
an analytical and numerical approaches to simulation of@ete cracking due to
corrosion of reinforcement. At first, a combination and deth analysis of two
analytical models proposed by Liu and Weyers (1998) and ki.g006) is pre-
sented. Four distinct phases of the corrosion process amstified and a detailed
guide through the mathematical development is describedhd next, numerical
computations obtained with nonlinear finite element codepaesented. The model
features the state-of-the-art in nonlinear fracture matba modeling and the het-
erogeneous structure of concrete is modeled via spatiallying parameters of the
constitutive law. The crack growth in concrete induced biyasion of steel rein-
forcement is modeled with the crack band model combinedanstiitable damage
law. Finally, the results of the analytical studies are cargul to numerical com-
putations obtained with the nonlinear finite element code e paper concludes
with a real-life numerical example.

1. Introduction

Corrosion of reinforcement embedded in concrete is anreldaémical process during which
coupled anodic and cathodic reactions take place. Pore aeteas an electrolyte. The detri-
mental effect of corrosion is due to the fact that a rust pcbthas a volume 2 - 6 times larger
than the original steel. Consequently, it causes volumarmsipn, developing tensile stress in
the surrounding concrete. Reinforcement corrosion takesepluring the propagation period,
and its rate is governed by the availability of water and @tygn the steel surface. Due to
corrosion, the effective area of the steel decreases ahgnaucts grow, causing, at a certain
stage, longitudinal cracking, and later, the spalling afarete cover (delamination). Generally
two types of corrosion are distinguished: tin@iform (or general) type and thaitting (local-
ized) type of corrosion. The subject of this paper is thearniftype of corrosion.

In this paper, a combination and detailed analysis of the analytical models proposed
earlier is presented. Next, numerical computations obthimith nonlinear finite element code
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which is based on the nonlinear fracture mechanics (NLFM)iatroduced and subsequently
combined with the spatial variation of concrete paramateftecting the heterogeneous struc-
ture of concrete. Finally, the results of the analytical andherical approaches are compared
and a practical example is shown.

2. Formulation of the analytical model

The model presented here is a combination of analytical leqeposed by Liu and Weyers
(1998) and Li et al. (2006). As assumed in these models, etearith an embedded reinforcing
steel bar can be modeled as a thick-wall cylinder (Baz&#it91Pantazopoulou and Papoulia,
2001; Tepfers, 1979). This is shown schematically in fig. 1.
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Figure 1. Scheme of the corrosion induced concrete cragiiagess; partially adopted from
Li et al. (2006).

Four different stages of reinforcement corrosion propagatan be identified. Firstly,
stage |, when no corrosion is present yet, is illustrated in fig. 1 extNinstage I, the porous
zone on the reinforcement-concrete interface is filled byosion products and the surrounding
concrete eventually starts to be stressed due to corrdgipi p). When the tangential stress in
concrete exceeds its tensile strength, the crack initgggsendicularly to the interface (fig. 1 c,
stage Ill). After a certain time the crack propagates through the mtecover (fig. 1 d) and
we are able to measure the crack width on the concrete sushacg 1V.

Transition from stage | to stage II: To determine the time to corrosion initiatiof which
is a transition time from stage | to stage Il, we may use a wesum of models for concrete
carbonation or chloride ingress. The descriptions of thoseels is not the subject of this
paper, see e.g. (Teply et al., 2007). In the following tegtagsume; = O.

Transition from stage Il to stage Ill: A time to crack initiation{. [years] (fig. 1 c), which
is a time of transition from stage 1l to stage lll, can be eatied according to Liu and Weyers
(1998) as:
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whered; is the initial diameter of the reinforcement bay,, is the corrosion current density
[nAlcm?], which is a measure of corrosion rateis a coefficient related to the type of corrosion
products andV.; is a critical amount of corrosion products that generatectitecal tensile
stresses and is defined as Liu and Weyers (1998):
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wherep,. is the density of corrosion producis; is the density of steet]; is the thickness of
the annular layer of concrete pores (i.e. a pore band) anteeface between the bar and the
concrete and; .,;; is a critical thickness of a ring of corrosion products. Nébet in (Liu and
Weyers, 1998) the term @&, d; is neglected foil’.;; derivation, which is not the case assumed
here;d; ..i; is defined as:

a,ft .1'2 + y2
ds,crit = E—ef (.I'Q — yQ + v (3)

wherea is a concrete covey, is tensile strength of concrete,; = E./(1 + ¢.,) is an effective
modulus of elasticity of concreté;. is elastic modulus of concrete,, is the creep coefficient
of concretey. is a Poisson ratioy = (d; + 2dy)/2 andy = a + (d; + 2d,) /2.

Transition from stage Il to stage IV: Once the timé. is reached, the crack starts to develop
and we need to determine whether it has already propagatkd surface (fig. 1 d). The crack
divides the thick-wall cylinder into 2 co-axial cylindergner cracked and outer uncracked
ones, as shown in fig. 1 c. For the outer uncracked concreitedey| the theory of elasticity
still applies. Let us assume that the cracks in the innetkexhconcrete cylinder are smeared
and uniformly circumferentially distributed, see fig. 4 afPazopoulou and Papoulia, 2001) and
that concrete is a quasibrittle material. According to&@#and Jirasek (2002) and Noll (1972)
there exists a residual cracked surface along the radiettthn depending on the tangential
strain of that point; it is a function of the radial coordieat It is assumed in this model
that the residual tangential stiffness is constant aloegctacked surface, i.e. in the interval
[z, 0] and represented by.,x E.or, Whereag;s (<1) is the tangential stiffness reduction factor.
According to Bazant and Planas (1998) the stiffness raéoluéactor oy is dependent on the
average tangential strain over the cracked surfa@and can be determined as follows:

o= feexp[—y(eo — €§)] (4)
FEeteo
wherecj; denotes the average tangential cracking strain. Afteodhiction of the constitutive
relationship between radial and tangential stresses aashst(Pantazopoulou and Papoulia,
2001), the stress equilibrium (Fenner, 1989), boundarditioms for the concrete cylinder, and
the continuity requirements and their combinations (seetlal. (2006) for more details), we
arrive at the following pair of nonlinear implicit equatign

B, 1—v.) e (r
0 = Al == [(”vc)cl(row( )22(0)] (5)
— 12 r2
exp (—vk
0 = FQ (C(stiff; 7"0) = w — Olstiff (6)
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(ra/m — x\/m) [Cg (ro) + ¢4 (10) / (xro)m}
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Figure 2: Evolution of functiong’ (o, 7o) and Fs (s, 7o) from egs. (5) and (7) for various
timest (t; = 0).
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and where is the distance between the reinforcing bar center and & tipaig. 1 ¢ and:; (1),

co(ro), c3(rg) andey(rg) are the coefficients depending on The definition of the functions is
beyond the scope of this paper, see (Li et al., 2006). If a kameous solution to egs. (5) and

dg



(7), ro andagz can be found in the intervalg € (x, y) andagg € (0, 1), the crack has not
propagated to the surface yet (the concrete is still in tagestll). We have programmed the
solution of the problem and based on our experience, the dfeRRfhapson scheme is successful
in solving the set of nonlinear equations. A good startinigpfor the solver is the middle point
of the intervals:rq = (x + y) / 2 andag;z = 0.5. In case that the solution cannot be found in
the identified ranges of, andag;g, the crack already penetrated to the surface. By subsigfuti
ro — y in egs. (5) and (7) we obtain a new set of nonlinear equatidrteir simultaneous
solution leads to finding.;g (Stiffness reduction coefficient) that is needed for the potation

of the crack widthw,:

W, — 47Tdb(t) . 27Tyft (7)
T (=) (@/y)VE 4 (Lt v (y/a)vesin By

whered, (t) is the thickness of a ring of corrosion products (fig. 1 b) et be determined
from:

Pst
7Tprust(di + 2d0)

Wrust (t) <1 - aﬂmst) - 71-prus.tdidO

ds = (8)

whereW,(t) is the mass of corrosion products. Note, thats not correctly derived in Li
et al. (2006) and that is why our eq. (8) differs from theirdviously, W, () increases with
time and according to Liu and Weyers (1998) can be deternfioeat

t
2 x 0.0927a
Wrust (t) = \l 771- /icorr (t> dt (9)
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The most complicated part of the approach is the solutiorun€tions F (cgigr, 70) and
Fy(asum, r0). We help the reader to imagine how the two implicit functidmsk by plotting
their evolution with time in fig. 2. For the time range @f43, 2.8), the simultaneous solution
Fi(asum, o) = 0 andFy(agus, 7o) = O exists within the above identified rangesaafs and
ro (stage Ill). The solution is illustrated by the intersentiof two curves in the base. Upon
reaching the time of years, the crack width becomes nonztag€ 1V).

3. Numerical model

ATENA program Cervenka and Pukl, 2005) was used for the simulation of ameal response
of the corroded reinforcement in concrete. For modelingradialinear behavior a material con-
stitutive model based on a smeared approach that can sfidlyedsscribe the discrete crack
propagation was applied. In particular, we used the fraeplastic model named NLCEM in
ATENA program. Concrete with reinforcement was modeled @®groblem and in accor-
dance to the definition of an analytical model; thick-wallicgler geometry was modeled (see
fig. 1 a). The dimensions are:= 30 mm and/; = 20 mm. The thickness of the annular layer of
concrete poreg, was ignored, because this thickness is only important tithe analysis; it
delays stress development (this void space is firstly filiethle corrosion products). Expansion
of corrosion products was simulated by application of (tiegashrinkage of the reinforcement
elements.



3.1. Deterministic model

At first the system was treated as the deterministic to stbhdydamage mechanisms and the
development of stresses and cracks. Two extreme cases wd&guconditions were studied:
without circuit restraint of the outer concrete face (freargins) and with a circuit restraint by
applying the fixed hinge supports around the concrete faee €gy. fig. 4 a,d for illustration
of boundary conditions). The major input parameters of thiecoete constitutive law were:
modulus of elasticity = 30.32 GPa, compressive strength= 25.5 MPa, tensile strength
fi = 2.317 MPa and fracture ener@y = 57.93 N/m. During the numerical calculations, we
have monitored several important variables: the radigbldcementd at the steel-concrete
interface and stresses at three positions of concreteni@dface with steel, (2) the middle of
concrete layer thickness and (3) outer concrete boundauy.tyipes of stresses were monitored
at the three positions: the radial and tangential stregsasdo.,.. Their dependence on the on
the displacement is plotted in fig. 3 for both free and restraint boundary ctinds.

without circuit restraint: with circuit restraint;

8 concrete — G, 1t
[~ \Grld — Oon
_10 = !/ G'cl 012 GIS : gﬂ | I
-12 -S;éely_l_ a2V al2 - _GS 1 i
_14 - Ld;/zt_a‘—. — O, - - _Grl
0 DO 2@®4 5©@7 0204 5 ©7
Displacement, d [um] Displacement, d [pum]

Figure 3. Deterministic solution of the numerical modelsmparison of restrained and non
restrained boundary conditions at outer concrete boundary

For a detailed analysis of stress profiles in concrete pteden fig. 4, three stages of crack
development were chosen coinciding with= 1,3 and 6 m (circled values from fig. 3). The
first stage { = 1 m) is characterized by crack initiation from the inteddor both free and
restrained circuit boundary conditions; the peak tangéstiessr.; equals the tensile concrete
strength. In the case of free boundary conditions, the radic tangential stresses differ only
in the sign (as can be easily predicted by a simple analytmalputation), while in the case of
restraint boundaries, a small pressure can be identifigebpdrcular to the outer concrete inter-
face. The second and third stages record gradual crackgrtvet cracks growth is suppressed
by the constraint in the bottom raw of fig. 4.

3.2. Stochastic model

The uniform and rotationally symmetric crack distributiimom fig. 4 is not very realistic. In
order to simulate the heterogeneous structure of cont¢hetespatial variability of material was
modeled by modifications of chosen input values of concrieteeality, the concrete does not



no circuit restraint:

d=1pum

concrete

Figure 4: Tangential and radial stresses development aattsdistribution in concrete cover.

have uniform properties over its volume and this can be Blyitmodeled by random fields of
the concrete parameters. We remark, that such an approearhatically disturb the rotational
stress symmetry and introduce damage initialization siryito the real situation.

Two parameters of the constitutive law of concrete werecsetkto be randomized and they
were studied separately. Namely, the modulus of elasti€ignd the tensile strength were
randomized to trigger fracturing. The applied random fieldse normally distributed with
coefficient of variation 30% and 20% respectively. The mealnesrwas taken from the deter-
ministic analyses (section 3.1) to obtain consistent tes@ne of the most important property
of a random field is the autocorrelation structure definedugh the autocorrelation function
and the autocorrelation length. Briefly, the autocorrelaliength is a parameter controlling
the rate of spatial variability of the parameter; see (vhiesky, 2004, 2005) for details on
random field modeling. In our analysis, the correlation tesgof 0.01 m were assumed in
both directions together with a squared exponential autelaion function (isotropic corre-
lation structure of the field). The autocorrelation lengibghly coincides with the maximum
aggregate size of concrete. For illustration of the randeahd find the rate of fluctuation, see
fig. 5.

The results of the stochastic nonlinear calculations aealized through the dependence of
tangential stress,; on the radial extension of steel (displaceméntsee diagrams in fig. 6.
As can be seen, the randomization of the IaEaihodulus does not affect the crack initiation
stress (which still equals the concrete tensile strenghilpvthe randomized strength influences
the crack initiation stress while not affecting the initaderall stiffness. We remark, that due
to the relatively small dimensions of concrete materiahwéspect to the concrete dimensions,
the fracture is very ductile and therefore the mechanismoisec to the parallel coupling of



Figure 5: Realization of a random field of local tensile sfjtéry; and cracks developed in the
post peak stage a@f.;. The colors illustrate the tensile strength distributiconi the lowest to
the greatest values (from red through green to blue, respbot

micro-bonds rather than a weakest link principle, seedthévsky, 2004) for details.
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3 - . . .
=25 ¢ 1r
- &
8 X 1k
£2 2
sh b 1.5 f 1r
S w
g1} | I .
E stochastic (F) — stochastic (f) —
705 deterministic ====-= 11, deterministic =====- ]
O 1 1 1 1 1 1 1
0 1 2 3 4 0 1 2 3 4
Displacement, d [um] Displacement, d [um]

Figure 6: Results of nonlinear stochastic simulations; ganson of spatial variability applied
to modulus of elasticityr and tensile strengtfi of concrete.

4. Comparison of analytical and numerical models

The comparison of both models was performed at the detestidiével. The numerical model
without circuit boundary conditions was used as it coinsigth the formulation of the analyt-
ical model. The comparison of both models was done througbrdck development quantified
by coordinate-., see fig. 1 c and 4 c. The parameters identical for both nuaden analytical
approaches arel; = 20 mm, dy = 0 mm,a = 30 mm, f; = 2.317 MPa,E; = E = 30.32 GPa
andv, = 0.2. The trend of crack length in dependence on the displaceméns plotted in
fig. 7 together with tangential stresses obtained from nigaleralculations. Note, that the dis-
placementl monitored during numerical calculations does not coineuith the thickness of
a ring of corrosion productg, that is featured in the analytical approach. The measurésef d
placement/ does not take into account the loss of steel due to rust ptmdud-or the purpose



of the comparison of both modelg, was recalculated td through the steel and rust densities
considered ag,... = 3600 kg/mt and p,, = 7850 kg/nt by realizing that the total weight of
both materials must be kept constant. The growth,dbr d) is related to the time (see egs. 8
and 9); this relation depends mainly on the current density. A detailed time analysis is
beyond the scope of this paper; only the nonlinear trend ioftime is sketched in the right
bottom of fig. 7. Obviously, in the deterministic case, bothdals are comparable. However,
the numerical model is much more flexible and its predicti&pabilities are higher as it can
easily accommodate advanced features such as the spai@diNgy of material parameters or
more complex geometries. The latter becomes important &halyzing real-life examples as
the one presented in the following section.
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Figure 7: Comparison of analytical and numerical modelugtothe crack length, together
with tangential stresses obtained from numerical simutatiime dependence dfis sketched
in right bottom.

5. Practical application

The thick wall cylinder geometry around the steel reinfaneat is not a usual geometry of
a real structure. To illustrate the real danger of steelosion in reinforced concrete girder,
we prepared a model of its lower part together with four m@iaihg bars (20 mm thick) and
concrete cover of 40 mm. A uniform type of corrosion and theesaorrosion rate for all four
reinforcing bars were assumed. The crack development icretndue to rust products of steel
as predicted by the numerical model is sketched in fig. 8. Wwtein reality, opening of crack
accelerates the corrosion progress because of easigodran$ oxygen and water. The crack
patterns agree well with the damage observed in real stegtu

6. Conclusions

The application of analytical and numerical approachesnailgtion of concrete cracking due
to corrosion of reinforcement was presented. At first, a doation and detailed analysis of the
two analytical models proposed by Liu and Weyers (1998) aret hl. (2006) was described.
Four distinct phases of the corrosion process are idenafiedthe process is modeled by nu-
merical computations obtained with the nonlinear finitevedat code. The numerical model
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Figure 8: Crack development due to corrosion in reinforcameceete beam.

features the state-of-the-art in nonlinear fracture meidsaand the heterogeneous structure of
concrete is shown to be modeled via spatially varying patara®f the constitutive law. These
results are of high importance in durability based desigstfctures.
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