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EVALUATION OF GEOMETRICAL PROPERTIES
OF AGGREGATE PARTICLES

D. Rypl !

Summary: The present paper deals with the evaluation of geometrical properties
of aggregate patrticles. Initially, a smooth representation of the aggregate particle
shape is recovered from its digital voxel based representation using the expansio
into spherical harmonic functions. The resolution of the smooth representation car
be flexibly controlled by the number of terms in the expansion. Then the geometr
cal properties, including volume, surface area, moments of inertia, and curvature,
are evaluated using numerical integration of appropriate analytical terms. The ad-
vantage of this approach consists in the fact that it unifies the approach for the
evaluation of geometrical properties and that it allows to evaluate important prop-
erties such as the curvature or surface area, which cannot be reliably assessed froi
the digital representation. The evaluated geometrical properties may be used t
classify aggregate from different sources, according to their shape and size.

1. Introduction

The design of concrete with specified properties became of increasing importance v
wide use of high-performance concretes (HPCs), such as pumpable concrete or self ¢
ing concrete (SCC). Many concrete properties, starting from the mechanical propertie
compressive strength and modulus of elasticity, over the rheological properties influenc
workability of fresh concrete, up to physical properties as diffusivity and thermal and e
conductivity, for example, are dependent on the shape and consequently also on the ge«
properties of aggregate particles. However, accurate evaluation of these geometrical pi
is not straightforward due to rather difficult mathematical characterization of aggregatt
cles of random shape. The realistic description of random patrticles is therefore a ne
prerequisite for proper evaluation of geometrical properties of aggregate particles and 1
incorporation into computational models representing concrete as a multiscale random «
ite material with realistically described aggregates.

Modern tomographic scanning devices offer a powerful nondestructive technique for t
ital description of opaque solid objects. However, the resulting voxel based represent
the object is not always appropriate for further processing. Huge amount of data rel
digital images of high resolution makes dealing with this representation quite cumberso
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its step-wise character complicates its integration into computational models. In the
work, the digital representation is first used to derive a smooth representation of the ac
particle using the expansion into spherical harmonic functions [Garboczi 2002]. Althou
representation is not universal (it implies that the aggregate particle is of star-like sha
no internal voids) it is suitable for almost all aggregates used in structural concrete. T
nificant advantage of this approach is that the resolution of the smooth representatior
flexibly controlled (within the resolution of the original digital representation) by the nu
of terms in the expansion and that it allows to describe aggregate particles by relativi
number of parameters. This makes this technique attractive for computational models t
large number of aggregate particles. Moreover, the smooth representation enables also
evaluation of many geometrical properties of aggregate particles which can be used
aggregate databases.

The paper is organized as follows. Initially, a simple digital representation of the agc
particle is outlined in Section 2. Its mathematical description based on the spherical he
analysis is then recalled in Section 3. In Section 4, the evaluation of individual georr
properties based on the spherical harmonic expansion is outlined. The technique is ther
on a few examples in Section 5. The paper ends with concluding remarks in Section 6.

2. Digital Representation of Aggregate Particle

The three-dimensional digital representation that comes out from tomographic scann
be interpreted as the sequence of two-dimensional gray scale digital images correspo
(but not necessarily physically taken at) parallel cuts through a three-dimensional objec
digital image consists of the grid of pixels of gray scale value related to a specific prope

In the case of the description of the shape of aggregate particles, the gray scale im:
be thresholded to black and white images, in which (let’s say) the black pixels corresy
the aggregate itself and the white pixels represent its surroundings. Assuming that the
each image is of the shape of a square and that the individual cuts are at the distanc
sponding to the edge length of that square, then each aggregate particle is described b
black cubes (voxels). Depending on the resolution (the physical size of the pixel), such
based representation is either too coarse (of low resolution), probably inappropriate for
processing or sufficiently fine (of adequate or high resolution) which is appropriate for 1
processing but at the cost of handling huge amount of data. An example of digital repres:
of a particular aggregate particle for two different resolutions is depicted in Figure 1.

The digital representation suffers, besides the resolution demands and consequently
memory demands, from other drawbacks. It is well known that quantities corresponding
spatial dimension of the digital representation (dimension 3 in the case of voxel base(
sentation) can be assessed with the accuracy depending on the resolution. However, t
true for quantities of lower dimension, for example the surface area. Moreover, due to tt
wise character, the digital representation does not allow to evaluate some quantities a
example the curvature. This is considered as significant bottleneck especially with re:
the integration of aggregate particles into computational models which require appropri
tial discretization of particles, because the curvature based control, serving as an effici
decreasing the discretization error and ensuring maintaining the volume fraction of part
simply not available.

It is therefore apparent, that an alternative description handling geometrical shap
much smaller amount of data and allowing precise evaluation of various quantities is de
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Figure 1: Digital representation of the aggregate particle for a lower (left) and higher
resolution (only the voxels corresponding to the aggregate are shown).

The mathematical description based on the spherical harmonic analysis [Garboczi 200:
to be a good choice.

3. Mathematical Representation of Aggregate Particle

In the mathematical representation, the individual particles are described by a scalar
r(n, ¢), defined as the distance of the particle surface point from the particle center c
measured in the direction of spherical coordinatesdy with the origin located in the partic
center of mass (see Figure 2). The Cartesian coordinates of the surface point (compone
position vecton-) are then given by

z(n, ) = r(n, ) sin(n) cos(p) , (1)
y(n, ») = r(n, @) sin(n) sin(p) , 2)
z(n, ) = r(n, @) cos(n) . 3)

If the functionr(n, ) is smooth on unit spher® € n <, 0 <y <27) and periodic inp, it can
be expressed in the form of the expansion into spherical harmonic functions as

r(n,¢) = i En: Y, (0, ) (4)

n=0m=-—n

wherea,,,, are yet unknown coefficients of the expansion &ijéln, ¢) are the spherical he
monic functions defined by

Y. (1, 0) = fam Py (cos(n))(cos(mep) + isin(mep)) , ()

where

[ 2n+1(n—m)
Jom = 47 (n+m)! ©)
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Figure 2: Description of the aggregate particle in the spherical coordinate system

The associated Legendre polynomi&Js(z) can be expressed via the ordinary Legendre
nomialsP,(x) in the form

d"P,(x)
P (x) =4/(1 —a2)y"n——= .
w (@) =/ (1 —a?)n—0r (7)
It is however more convenient to evalud®® (x) from recursive relations [Weisstein]
By(x) = (2n = D/ (1 = 22)" (8)
Pr(x) =z(2n+ 1) P () (9)
(n—=m)P"(x) =z(2n—1)P" () — (n+m—1)P" ,(x). (10)
The associated Legendre polynomials for negativare defined as
!
P = P () = ()M ) par 11
) = P M) = ()M R @) (12)
The coefficients,,, are determined by the integration
2w _
Qpm = /0 /0 T(n7 (70) Sln(n)ynm(na Sp)dnd@ ’ (12)

whereY™(n, ) is the complex conjugate 5™ (1, ¢). The analytical evaluation af,,,, is
practically not affordable (except for the case of a sphere wigris the only nonzero coefi
cient) and it is therefore necessary to apply a numerical integration. This requires that th:
of the searched function(n, ¢) are available at integration points in advance. In the pres
study, the Gaussian numerical integration is employed. Theoretically, the order of the nu
integration should approach infinity. However, taking for the approximatiotimpfy) the final

summation
N n

rm,0) =3 > anm Yy (0, 0), (13)

n=0m=-—n
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Figure 3: Representation of the aggregate particle by the spherical harmonic expansion
10 (left) and 20 (right).

whereNN is the order of the expansion, the order of the numerical integration needed fo
rate evaluation of coefficients,,, and consequently also the number of valueg ) known
a priori is reduced. In the present work, the valig, ©) at integration point is determined
the length of the segment in the direction givervbgndy connecting the center of mass w
the surface of the voxel forming the aggregate boundary (see Figure 2 on the right).

The numerical experiments reveal that contributions of the expansion terms>fa@0 are
usually negligible and that the order 128 of Gaussian numerical integration is sufficient i
cases. Itis also important to realize that the growth of the expansion order may lead in:
the expected improvement of the geometrical representation to the undesirable capturir
unrealistic digital roughness inherently comprised in the voxel based description. An e
of the representation of the aggregate particle using the spherical harmonic expansion v
point Gaussian numerical integration (the digital representation from Figure 1 with the
resolution was taken as the input) is shown in Figure 3 for two different valu¥qd0 and 20)

4. Evaluation of Geometrical Properties

After the spherical harmonic analysis is completed, the aggregate patrticle in a general
is represented by the origin and unit vectors corresponding to the paosjtiveandz axes o
the local spherical coordinate system used for the spherical harmonic expansion, by tl
of the expansion, and by the set of expansion coefficients. For the actual evaluation
metrical properties only the last two parameters, the order of the expansion and the ex
coefficients, are relevant. The remaining parameters describe the spatial location of th
gate particle and may be used for evaluation of some of the geometrical properties in th
Cartesian coordinate system.

The analytical expression of the volume of the aggregate particle is given by

2w 7‘(77790)
V= / dxdydz = / / / J(n, ¢)drdndyp = (14)
/ o JoJo
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2m 2m
= / / / *(n, ) sin(n, p)drdndy = / / (0, ) sin(n, )dndyp ,

whereJ is the Jacobian of the transformation from the Cartesian coordinate system to the
ical coordinate system represented by Egs. (1) — (3). The components of inertia/fgngoere
1,j = x,y, z, are defined as

Iy = /(%’7‘2(77, p) —ij)dzdydz (15)
Vv
whered;; is the Kronecker delta. After inserting fory, andz from Egs. (1) — (3) and perforr

ing the integration i, the individual moments of inertia yield

1 2r pm
I, = 5/ / 77 sin(n) (1 — sin®(n) cos*(¢))dndy , (16)
o Jo
1 2m pm 5 . -2 - 2
L, = 5/0 /o r°sin(n)(1 — sin®(n) sin“(¢))dndy , (17)
1 2r pm
I.= —/ / 7% sin®(n)dndy (18)
5Jo Jo
1 2w pmw
Loy =1y = —¢ / r®sin’(n) sin(y) cos(p)dndyp (19)
o Jo
1 27 pm
Iy: =Ly = —¢ / r° sin®(n) cos(n) cos(p)dnde (20)
0o Jo
1 2m
L,=1,= ~E / 79 sin?(n) cos(n) sin(p)dndeyp . (21)
o Jo

Note that these moments are related to axes passing through the center of expansion w
responds to the center of mass evaluated from the digital representation but which is like
different from the center of mass associated with the spherical harmonic expansion. Th
Steiner’s proposition has to be applied when central moments of inertia are to be calcul

For the evaluation of the surface area and local curvature (at a point), the first and
derivatives ofr(n, ¢) with respect ta; andy have to be computed at first. With the help of
recursive relation [Weisstein]

dP(cos(n)) _ ncos(n) P (cos(n)) — (n+m) P, (cos(n))

dn - ’ 1 — cos?(n) = (2)
they can be expressed in the form
B= X 3 b o) + i) 23
;)m;n iman, Y, (1, 9) , (24)
Zmz B (1) cos(in) + isin(m) . (25)
Z S Y 9) (26)

n=0m=-—n
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R S Mcmm)(cos(mso)+z’sin<mgo>>, (27)

n=0m=—n SlIl )

where the auxiliary quantities,,.,.(n), B.m(n), andC,,,(n) read

Anm (1) = [(n 4 1) cos(n) Py (cos(n)) — (n —m + 1) P (cos(n))] , (28)

Bum(n) = [(n+ 14 (n+1)%cos?(n)) P (cos(n)) — (29)
—2(n+2)(n —m+ 1) cos(n) P (cos(n)) +
+(n—m+1)(n—m+2)P ,(cos(n))],

Com(n) = [(n + 1) cos(n) B (cos(n)) — (n —m + 1) P, (cos(n))] - (30)
The above derivatives are used for the evaluation of the first and second gradientatb
respect to; andy according to
ry = {(rysin(n) +rcos(n)) cos(y) , (31)
(rysin(n) 4+ cos(n)) sin(p) ,

rycos(n) —r sin(n)}T ,

r, = {(r,cos(p)—rsin(yp))sin(n) , (32)
(rg sin(i) + 7 cos(p)) sin(n) ,
ro cos(i)}”
Ty = {(rp,sin(n) + 2r, cos(n) — rsin(n)) cos(y) , (33)

( )
(7 sin(n) + 21, cos(n) — rsin(n)) sin(yp) ,
}

T €OS(1) — 21 sin(n) — rcos(n)} "

I

Top = {(rppcos(p) — 21, sin(p) — rcos(yp)) sin(n) , (34)
(rpp sin(p) + 2r, cos(p) — rsin(yp)) sin(n) ,

)
Tpp COS(N )}

(1) + (ry cos(p) — rsin(yp)) cos(n) , (35)
(1) + (rysin(p) + 7 cos(yp)) cos(n),

Ty, = {(ry,cos(¢) — 1y sin(p))
(1 sin(¢) + 1, cos(p))
'

T €08(1) — 7, sin(n)

sin
sin

from which the coefficients of the firstf, F', G) and secondl, M, N) fundamental forms ¢
the surface are calculated as

E=r,-r,, F=r,-r,, G=71,-1,, (36)
L=r, n, M=r, n=r,-n, N=r,-n, (37)
where the unit surface outer normal vectors given by

_ Xy
"EURG- 9
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The total surface areg is defined as

27 pm
_ d 9
s /U “as . (39)

where the differential surface aré& reads

dS = r\/r2 + (r3 +12) sin’(n) ddp = VEG = F2 dndyp . (40)

The principal curvatures, andx, at the surface point are given by the solution of the quac
equation
(EG — F*)K}y+ (EN —2FM + GL)kyjp + (LN — M?) =0 . (41)

Two local measures of the surface curvature are derived from the principal curvatures
the local mean curvatur# is defined as the arithmetical mean of the two principal curvat

/11+/€2_EN—2FM+GL

H= 42
2 2(EG — F?2) 7~ (42)
the local Gaussian curvature is given by the square of their geometric mean
LN — M?
K = K1Kg = m . (43)

The corresponding global measures, the average mean curviatune the average Gauss
curvaturek, are then defined as

1 2
h=— Hd 44
< [ Has. (44)

27 pm
k::l/ /de. (45)
47 Jo Jo

Note that all the above integral values have to be evaluated numerically (again with the
tion of a sphere, in which case the analytical evaluation is affordable). In the presente:
the Gaussian quadrature is adopted. Since the average Gaussian curvature is equal to «
objects topologically equivalent to a sphere, which is the case of aggregate particles a
spherical harmonic representations considered in this work, it can be effectively used a
trol tool for setting up the order of the numerical integration scheme used for the evalue
the geometrical properties. The numerical experiments again reveal that the integratic
128 is accurate enough in most cases.

5. Performance and examples

The above approach for the evaluation of geometrical properties is firstly verified on
with known analytical results for their properties. The first candidate, a sphere, is hc
too trivial to be used for that purpose. The other choice is the ellipsoid of revolution
properties can be also derived in the analytical form using elementary functions. Initial
ellipsoids centered at the origin and aligned with the coordinate axes aiis being the axis (
revolution were investigated. Similarly as in [Garboczi 2002], prolate and oblate ellipsoic
the axes in the ratio 1:1:5 and 5:5:1 were considered at first. The spherical harmonic ex
coefficients, however, were obtained from the exact formulas without realizing a pat
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Figure 4: Dependence of the average deviation (top row), volume error (middle row
surface area error (bottom row) on the expansion order for integration order 64 (left c
and 128 (right column). The represented objectis a prolate (1:1:5) and an oblate (5:5:1) ¢
of revolution.

digital representation. Except the volume and surface area, the quality of the expai
assessed using additional quantity, the average deviation from the exact shape, definec

L,

wherer,, is the exact value corresponding ), ¢). The dependence of the average percer
deviation of the spherical harmonic expansion from the exact shape as well as the pel
error of the volume and surface area evaluated from the spherical harmonic expansio
number of expansion terms is depicted in Figure 4 for two different integration orders (!
128) used for the spherical harmonic analysis. For the evaluation of the geometrical prc
integration scheme of order 256 was always applied. Note that since the range spamr
is of half size compared to the size of range spanned,lijie integration order i direction
is always reduced to the half. The profiles in Figure 4 show, that the evaluated geor
guantities are rapidly converging to exact values with expansion order increasing ug
value about 20. When the expansion order is further increased, the behaviour depenc
integration order used for the spherical harmonic analysis. If the adopted integration :
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Figure 5: Oscillations on the oblate ellipsoid Figure 6: Artificial object with 5 waves pas
for the expansion order 32 and the integra- ing around the object body from top to b
tion order 64. tom.

is of sufficiently high order, the quantities remain to converge. For a low order integ
scheme, however, the approximation property of the spherical harmonic analysis vanis
the analysis starts to behave as an interpolating scheme resulting in oscillations arc
exact shape (see Figure 5). This is evident from the growth of the surface area error a
the increasing average deviation which are the direct consequence of these oscillatic
the other hand, the evaluation of the volume seems to be not affected by this effect (
immediately), which can be explained by approximately the same increment and decre
the volume due to the oscillation. The step-wise character of the profiles in Figure 4
consequence of the fact, that, ¢) (for both considered ellipsoids) is independenty,oénd
is even inn. This implies that the only nonzero spherical harmonic coefficiepisare thos
with n even andn = 0. Incrementing the odd expansion order by one does not the
introduce any new nonzero expansion coefficient while keeping the existing coefficient:
same value. All geometrical quantities thus remain unchanged. Similar profiles are ol
also for ellipsoids with the axis of revolution aligned withor y axes. This suggests that !
integration order should be at least twice as large as the required expansion order.

The next considered object is rather of artificial shape (see Figure 6) given by Egs. (.
with r(n, ¢) defined as

r(n, ) = 5(1 + 2sin?(n))(1 + 0.1sin(n) cos(w(yp + 21))) (47)

wherew is the number of waves passing around the object body from top to bottom.
particular examples with 5 and 10 waves were investigated. The dependence of the
percentage deviation of the spherical harmonic expansion from the exact shape and of
centage error of the volume and surface area evaluated from the spherical harmonic e
on the number of expansion terms is displayed in Figure 7 again for two different integ
orders (64 and 128) used for the spherical harmonic analysis. This time, however, tF
volume and surface area are not known and therefore they are approximated by numei
ues obtained from a fine tessellation (100G;ix 2000 iny) of the exact shape. Qualitative
the obtained results reveal similar behaviour to that observed for ellipsoids. From the
tative point of view, there are some differences. First of all, when treating the object w
waves, 64-point integration is not enough to assess the surface area. When 128-pointin
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Figure 7: Dependence of the average deviation (top row), volume error (middle row
surface area error (bottom row) on the expansion order for integration order 64 (left c
and 128 (right column). The represented object is the artificial shape with 5 and 10 wav

scheme is applied, the expansion order of at least 25 should be used to achieve reaso
curacy. The step-wise profiles experienced for ellipsoids are replaces by a plateau-like
where the length of the plateau is related to the number of waves that have to be capture
spherical harmonic functions.

Finally, the geometrical properties were evaluated for the aggregate particle prese
Sections 2 and 3. The digital representation shown in Figure 1 on the right was cons¢
Since the exact shape of the aggregate particle is unknown, only the evolution of the
and surface area in dependence on the expansion order is shown. In Figure 8, these
are presented for four different integration orders (32, 64, 128, and 256). While the \
converges to a constant value (corresponding to the volume calculated from the voxe
representation), the surface area is monotonically increasing on the whole range of
expansion orders. This can be explained by the fact that the spherical harmonic ex
tends with the growing expansion order to capture better and better the unrealistic voxe
geometry, which increases the surface area toward (or even beyond) the bad value corre
to the digital surface area. It is therefore quite difficult to determine how many expansior
should be used to get the most realistic results. Unfortunately, the most reliable proi
far, seems to be the visual inspection of the geometrical shape represented by the
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Figure 8: Dependence of the aggregate particle volume (left) and surface area (right
expansion order for 32-, 64-, 128-, and 256-point integration scheme.

harmonic expansion of a particular order (see Figure 3). The Figure 8 also reveals, th
is a relatively significant error in the evaluated volume for 64-point integration scheme
however, not clear what is causing this aspect.

6. Conclusions

The description of geometrical shapes using the spherical harmonic expansion offers a
and powerful tool for the representation of aggregate particles. Contrary to the digita
based representation, it is much less memory demanding and enables a simple anc
evaluation of geometrical properties such as volume, moments of inertia, surface ar
curvature. These properties can be used for the classification of aggregate particles a
to their morphological aspects and eventually for building an aggregate database. The
representation based on the spherical harmonic analysis also allows incorporation of a
particles into various computational models, because aggregate particles can be sub
spatial discretization of appropriate resolution [Rypl 2006].
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