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SOLUTION OF THE BEAMS ON ELASTIC FOUNDATION
(DETERMINISTIC AND PROBABILISTIC APPROACH)

K. Frydrysek *, L. Vaclavek |

Summary: The subject of this paper is the analysis of elastically supported beams
(beams on elastic Winkler's foundation). The real beams of finite length can be
also solved via superposition principle using the linear combinations of solutions
of two beams of unlimited (infinite) length. The application of deterministic and
probabilistic reliability assessment was used in a result evaluation (deflection,
stress and buckling).

1. Introduction

The analysis of bending of beams on an elastic foundation is developed on the assumption
that the reaction forces of the foundation are proportional at every point to the deflection of
the beam at that point; etc., see reference FrydrySek (2006) or Hetényi (1947).

The general problem of bending of beams on an elastic foundation is described by ordinary
differential equation:

d*v (,BkEJZT _dezv _dm _ pEl, d’q a,El, dz(tz—t1)+
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—+kv= ,
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(1)
where EJ,; /Nm?/ is bending stiffness of the beam, k /Pa/ is foundation stiffness, 3 /1/ is

shear deflection constant of the beam, G /Pa/ is shear modulus of the beam, S /m?/ is cross-
sectional area of the beam and v /m/ is vertical deflection of the beam.

The beams can be loaded by: normal (axial) force N /N/, vertical force F /N/, intensity of
vertical force g /Nm™/, moment M /N/, intensity of moment m/N/ and temperature
gradient t, —t, /°C/ .

Consider that: g =0 (influence of shearing force is neglected), m=0 and t, -t, =0.
Hence from (1) follows:
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d“v d v dm
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The beams on elastic foundation can be classified into beams of infinite (or semi-infinite)
length and beams of finite length L /m/, see fig.1.
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Fig.1. Superposition Principles Used for Solution of the General Beams of Finite Length L.

Assume that an infinite beam is subjected to a given loadings F, g, M and m as shown in

the left top part of Fig.1. Because of this loadings certain values of boundary conditions i.e.

deflections v, , vy /m/, slopes ddVA d(;/B/rad/, bending moments M, , M and shearing
X X

forces T,, T, will be produced at points A and B. By superposing on this loaded beam two
pairs of concentrated forces and moments (F,, M,, F; and Mg, see left bottom part of
Fig.1), we can modify the solution in such a way that at points A and B the required end
conditions of finite beam will be fulfilled. These end-conditioning forces (F,,F;) and end-
conditioning moments (M, ,M;) are applied infinitely close to the outer side of the A-B

portion. For each end (A and B) of the beam of finite length we can prescribe two boundary
conditions.

dv
Functions: v m/, d—oo/rad/, M, /Nm/ and T IN/ describe known solution of
X

infinite beam i.e. deflection, slope, bending moment and shearing force. Functions:

OFpA1Mp,Fgy

Vv m/, Me Irad/ , M /INm/ and

WFp,Mp,Fgy Mg dx 00F,,Mp,Fg,Mp

IN/ describe added simple solution of infinite beam i.e. deflection, slope,
OFpAyMp,FgyMp

bending moment and shearing force caused by concentrated forces and moments F,, M, , F;
and Mg, see Tab.1 or more detail in reference FrydrySek (2006).



K. Frydrysek, L. Vdaclavek 3

.Y N S — 2 S I
- ® /0 Pz T T e o0 4E]
& zT

M, \/\ L M,
* (x-L)
e(u x-L ) .
Voo b M P My = @ o | R, (cos[em(L - x)]+sin[o(L - X))+ 20M sin[m(L - x)] |+
e [F,. (coswx +sin wx)+ 20M, sin x|
dv 2 o(x-L)
ooFA,;A;,FB,MB _o ek [ F, sinfa(L - x)]+ @M (sin[a(L - x)]- cos[m(L - x)]) |+
2 A—0X
+ & ek [@M , (cos wx —sin wx)—F, sin wx]
Moco e, ity = e4_a)[FA (cos wx —sin wx)+ 2wM , cos wx |+
o(x-L)
£ . | Fy(cos[a(L - x)]-sin[(L - X))+ 20M, cos|m(L - x)] |
Toobp My oy = 2_ [F, coswx + @M, (cos @x +sin wx)]+
ea{x—L)

[ Fy (cos[a(L - x)])+ @M (cos[w(L — x)]+sin[e(L - x)]) ]

Tab.1. Solution of the Beam of Infinite Length (the Beam is Loaded by Forces F,, F; and
Moments M, , M, Solution at the Interval x e (0; L), Derived for a Case when N =0).

2. Example 1 - Clamped Beam (Deterministic Approach)

Consider an intensity of force: q=q, LEX distributed

=
iﬁ

.

over length L of the beam with rectangular cross-
section bxh. The beam has clamped end A and free
end B, see Fig.2. The task is to find solutions
(deflection, slope, bending moment and shearing force) X
at the interval x € (0; L). Given: k; E; b; h; L; q,. L

Y
Fig.2. Solved Beam of Finite Lengtl
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For the beam of length L loaded by triangle intensity
of force (see Fig.2) are these boundary conditions:
dv(x = 0)
dx
Simple solution of infinite beam (caused by F,, M,, F; and M) is written in the Tab.1.
Hence can be written:

v(x=0)=0, =0, M, (x=L)=0 and T(x=L)=0. 3)
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ot : : wF,
Voo b vty g it (X =0) = o [ Fy(cosal +sinwl)+20M,sinol |+ o )
dv (x=0) 2ot 3
2 A e e @C [ R, sinol+aM,(sinol -cosal) |+ < M,
dx k k, (4b)
Moo FarMasFgiMp (X - L) -
-oL
= ® " [F.(coswL —sinwL)+ 20M , coswL]+ Fp +20Ms
To FA,MA,FB,MB(X = L) =
e (4d)
. 1
= [F, coswlL + oM , (coswL +sin coL)]+§[ Fy+ oM, |.
The equations of equilibrium at point A:
dv (x=0)
dv dVooA ©0Fpy, My, Fa, M
vix=0)=v_, +V x=0), —(x=0)= Al A'D B .
( ) e OOFA1MA’FB'MB( ) dX( ) dx dx
According to (3) follow:
dv (x=0) gy
0 Fp yMp,Fpy M 0A
x=0)=-v_,, Al_A'B' B =— 5a
OOFA’MA’FB’MB( ) A dx dx (5a)
Analogous to (5a) can be written equations of equilibrium at point B:
M =-M,, FA,MA,FB,MB(X = L) v Tg =Ty FA,MA,FB,MB(X = L) : (5b)
Hence system of linear equations can be written with regard to equations (4) and (5):
.
T - 2k — k dvooA
[ POO:|X|: FA MA FB MB } = TVOOA ? dX _za)MoooB 2TooB y
where:
B coswl +sin wl 2wsin ol
1 0 ol ol
e e
0 1 smci_ sin wL ;LcoswL
[ P } _ e e
0 coswL —sinwL wCcoswlL 1
— - @
ZewL ea)L 2
coswlL w(coswL +sin L)
ol ol _1 -
e e

This leads to the solution of system of linear equations which is:
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T -1 _2k —kdvooA
[F M, F, MB} :[P} x v —20M,s  2T.a | .

A o0 ) A a)S dX
(6)
[P P P P ]
INV 00 4 INV 0Oy » INV OO, 4 INV OO, 4
-1 I:)le o0 PINV o0 PINV o0 PINV 0
2,1 2,2 2,3 2,4
where: P = ’ ’ ’ ’ 7

[ 00} P P P P (7)

INV 004 4 INV OO, 5 INV OO, 5 INVOOg 4

P P P P
INVOO4’1 INVOO4’2 INVOO413 INV004,4
- - - - - - -

Matrix [ POO} is inverse square matrix which is composed of 16 elements. For more

information about PINV o elements see reference FrydrySek (2005) or FrydrySek (2006).
iy
dv
Solution of v_, d—“’o M, and T is known solution of infinite beam which is derived
(e 0] X o0

for the intervals x € (O; L) in reference Hetényi (1947) and Frydry3Sek (2006), see also Tab.2.

=4 q:q—Ll(L—X) xe(0; L)

v, =N {e"”x[sina)x—(1+2a)L)coswx]+

Y 2 +e°* Y cos[w(L - x)]-sinfw(L - x)] )+ 4e(L - x)}
wa =L [ Y cos[(L - x)]- e~ ([L+ el ]cos wx + wlsin ax )}
M, = 5 La) [ (coswx + [L+ 20L]sin wx)— e ) ( cosw(L - x)]+sin[w(L - x)] )}

o = 431 2 [e o) sinfe(L - x)]+ ef”’x( [1+ wL]sin wx — wl cos wx ) }
®

Tab.2 Known Solution of Infinite Beam at the Interval x € (0; L).

Hence from the Tab.2 follow:

Voa =V, (x=0)= J):(L[e“’L(cosa;L —sinoL )+ 2oL —1] , (8a)
dv =
wA _ 0, (x=0) _ oL —e“"cosal |, (8b)
dx dx 2kL
M,,=M_(x=L)= qil(e“”L [coswL + (1+ 20l )sin a)L]—l) , (8c)

8Lw°
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T,e =T, (x=L)= L”‘jlwzem [(L+ @L)sinwl - ol coswL ] . (8d)

The end-conditioning forces and moments (6) with using of (8) are given by:
-2k

— VA e (sinwL - coswL )- 2wl +1
Fa )

e “"coswl +wl —1

MA 1k dv q -1
| P — =1 [P } @ : -9
F [ 00} 1 @o® dx 20°LL ®] “|1-e*[coswL +(L+ 20l )sin oL ] ®)

M, —20M 2
o, e [(1+ oL )sin oL — oL cos wL ]
afrq - 20, (cos ol + wLsinal ) 2=
R 1) X| ' kol(cos2wL +cosh2wl +2) | — 29,coswL
t'_ B > k(cos 2wl + cosh 2wl +2)
S’WW%
w—lx‘/\ —
L B _ 2q, (cosh L — wLsinhal) | Ba=
Y > kaL(cos2wL +cosh 2wl +2) | _ 2q;coshol
k(cos 2wl + cosh 2oL + 2)
v:ql(L_X)+(Bvlsinha)x—Bzcoshwx}cos[a)(L—x)]+ PR
kL 4EJ,,
JF(B3 sinmx—&coswxjcosh[ (L—x)] :q_ ~x)
L
g\;: a)KBl coshax - B, sinha)xj cos[w(L — x)]+ (B sinhaox — B cosha)xjsm
J{BV3 cosax + B, sina)x)cosh[a)(L x )]+ [B cosax— B sma)stmh[ (L- x)]} I?Il_
M, =
- 2:)2 [(Ez sinhax - B, cosha)x]sin[a)(L —x)]+ (Ez cosax + B, sina)xjsinh[a)(L - x)]}
T = :KB_Z coshax — B, sinha)xjsin[a)(L —x)]+ (B_l coshax - B, sinha)xj cos[w(L — x)]+
[0
+ (84 cosax - B, sina)xjsinh[a)(L —x)]- (83 cosax + B, sina)xj cosh[m(L - x)]}

Tab.3 Fouded Solution of the Finite Beam at the Interval x e (0; L).
For chosen values: b=Db,;=0.026m; h=h,;=005m; L=Lg;=1097m;
E=E, =2079x10" Pa; K =K, =3x10" Nm2; g, =0, o7 =10* Nm™ (see Fig.2)
can be written:
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Koer = Kpgrbper =3x107 x0.026 =7.8x10° Pa, (10)
7
ey = oer | 3Koer :4\/ DA g sea173m. (10)
4Eperdrroer | Eperhper | 2.079x10™ % 0.05

Lower subscript “DET”” means deterministic approach.

Hence ~ from  the  Tab3  follow: B, =B, =2.438253x10° m,
B, =B, =1728926x10™* m, B, =B, ., =-1.290544x107 m,
B, =B, ., =5461773x10° m.

The values of deflection, slope, bending moment and shearing force over length
L per =1.097 m are shown on Fig.3 and 4.

0.004 -+

S000+
4000+
3000+
0.002+ 2000
— v 1000+
dv 0 'IJ,./,,-""'Ar 1.00%
gy ‘rad/ -1000- X fmf
3 Lop7 -2000-
X i/
Fig.3. Deflection and Slope Diagrams Fig.4. Bending Moment and Shearing Force
(Deterministic Approach). Diagrams (Deterministic Approach).

From the Fig.3 and 4 and Tab.3 is evident that maximal values of deflection, bending
moment and shearing force are:

Vmax per = V(X = LDET ) =

= B, sinhwpe, L per — B, coshawpe L per + B, Sinoper L per — B, COS@perLper =

=3.073827%x10° m: 12)
k — —
M max per= ‘M 0 (X = 0)‘ = DZET B, Sinh aper L per — By SiN@per L per
Wpet
=1.083225x10° Nm: 13

k
TMAX DET— T(X = O) = 2(0& X
DET

X (Bl COS @per L per + B, Sin @y L per — B, €osh @ L ey + B, Sinh a)DETLDETj =

= 4.278137x10° N. (14)
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For the maximal values of bending stress oy per @nd shearing stress 7,y per acquired
via deterministic approach can be written:

6M
0 MAXpet

O MAX DET — b 2 =99.99 X106 Pa =99.99 MPa , (15)
DET "' DET
3T
Tuaxoer = o PET — 4,936311x10° Pa = 4.94 MPa . (16)
2bDET DET

3. Example 1 - clamped beam (probabilistic approach)

Compare maximal deterministic deflection and stresses with probabilistic deflection and
stresses of the beam on the fig.2. Beam is subjected to dead load with maximal value

g, =10* Nm™.

Chosen nominal values: (bpe =0.026m; hye; =0.05m; Ly =1.097m;
Eper =2.079x10" Pa; Ky =3x10° Nm™) and maximal value of dead loading
U,per =10* Nm™ are the same like in the former chapter 2.

Variation of beam modulus of elasticity E is represented by histogram Evar: N1-15.his.
Variation of width b and high h of the beam are expressed by histograms bvar, hvar:
N1-03.his. Variation of span L of the beam is represented by histogram Lvar: N1-01.his.
Variation of modulus of foundation K is expressed by histogram Kvar: N21-230.his.
Variation of loading q, is represented by histogram glvar: DEADL.his. For more detail
about presented histograms see reference Marek (2001).

Hence the input probabilistic variables are: E_., = Ey.; xEvar; bpzo =bger xbvar;
hero =hper xhvar;  Lpgg =Lpgr xLvar;  Kppg = Kpgr XxKvar;  Qyppo = 0;per x qlvar;
Kero = Kpro X Dpgo -

Lower subscript “PRO” means probabilistic approach.

Using the Anthill programme (SBRA method using Monte Carlo simulation, see Marek
2001) and modified formulas from the Tab.3 or modified equations (11) to (16), can be
calculated probabilistic values: M | axrro s Tmaxrror Omaxpro @ Tmaxpro &N Vyax pro - THESE

probabilistic values are compared with the deterministic values: Kper, Gipers Mg maxoer »
Tyaxper+ Owmaxper + Tmax per @Nd Viax oer » €€ for example fig.5 to 8.

From the fig.5 is evident that q, 5., is also maximum of intensity of force.
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017916272500

01759 16278500
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Fig.5 Comparing of Probabilistic and Deterministic Approach (Values of Magnitude of

Intensity of Force).

“ariahle: ISigmaxprn

Minimurm: 71.97343444
Mean: 91 04545731
Covar,  0.05154951
Skewnes: 018241896
Median: 2090174353

[~ Recalculste W Discrete  Steps: 3000000 Anthill
j Probability Cuantile
Maximum: 11557634540 M| 99517567 [99.989000000
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Fig.6 Comparing of Probabilistic and Deterministic Approach (maximal values of bending

stresses).

. [T Recalculste | Dizcrete  Steps: 3000000 Anthill
Variable: [Taumaxpro =l Profability Quartile
Minimum: 3.75618867 Maximum: 525534564 d | EEEREEE 4.936311
Mean: 4 48998540 StDeviation: 0. 16758996 E.lD.DEIEIEIEIDEIEI = TETREZS0
Covar,  0.03732528 “ariance: [0.02308539
Skewnes: 0.05324153 Kurtosis: 009517379 J)0.00000000 3. 757BE250
Median: 4.48801483 ll|0.00000000 3.76766250
36 41 44 47

ThMAX PRO /MPa/

Fig.7 Comparing of Probabilistic and Deterministic Approach (Maximal Values of Shearing

Stresses).
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N [~ Fecalcuiste | Discrete  Stepszooonon  Anthill
variable: |vmap = Frobahility Quartile

Minimurm: 2.03511524 Maximurm: 3.98921225 Jljo 55477300 3.07382743

bean: 280625470 StDeviation: 0.22008459 E.|1 0000oo0on = OB9I7AED

Covar:  0.07842659 Wariance: 0.04843740

Skewnes: 0. 34769672 Kurtosis: 0.12565040 18| oooooooo 3.98927 462
"Ml 0ooooooo 3.98927 452

MWedian: 27918522

.. MAXDE

21 25 33 3T

YALsX PRO /MIV
Fig.8 Comparing of Probabilistic and Deterministic Approach (Maximal Values of

Deflection).

Some results of deterministic and probabilistic approaches are compared in the tab.4,
where Operator “ P ” means probability.

D . Probabilistic approach:
eterministic ini i Probability (Comparing):
approach: Minimum Mean value: Maximum y p 9):
value: value:
10* Nm™ o P( )=1
q = m- - 1pro < Uiper )=
o 8180 Nm-1 9090'014 NM-1 104 Nm-1
Kpro -
Kper =0.78 MPa P(kDET <Kppo = 0-5)
0.53 MPa 0.78 MPa 1.04 MPa
O MAX PRO -
"waxper = 99.99 MPa 115.58 P(O-MAX peT < OmAxPRO ): 0.96
71.98 MPa | 91.05 MPa i
MPa
Tyaxper = 4.94 MPa P pRO P(TMAX peT < TmAX PRO ): 0.99¢
3.79MPa | 4.49MPa | 5.26 MPa
Vmax per = 3.07 mm Ywaxpro - P(VMAX per < Vmax pro ) =0.88¢
2.04 mm 2.81 mm 3.99 mm

Tab.4 Some Deterministic and Probabilistic Results and their Comparing.

4. Example 2 - Buckling of General Infinite Beam (Probabilistic Approach)

For buckling of general infinite beams on elastic foundation loaded also by an axial negative
force N <0 (see eq.(2)), can be derived formula for critical value of normal force:

Neg| = 2./KEJ,, IN/. (15)
C
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Using the Anthill programme, can be calculated probabilistic values:

‘ N crero ‘ = 2\/kPRO Eprodzrero (16)

see fig.9 and for more details reference FrydrySek (2006).

j [T Recalculste [T Discrete  Steps: 3000000 Anthill

Prakability Gartile

Watiahle: INcrprD

Minimum: 314290,3026000 Maximum: 531377 4348000 2|2 05000000 378207 85530010
hMean: 4185240002000 StDeviation: 24348 83955000 E.Iu_mmgu[uj 2571147375000
CoYar,  0.05817787 “ariance: 592865987 400C
Skewnes: 0.01350771  Kurtosis: 0.05204765 [ JW|2.90000000 4437361871000

Median: 418613 .330500C 1|0 55000000 4585539035000

320000 370000 420000 470000 520000
NCR PEO T

Fig.9 Critical Values of Axial (Buckling) Force for an Infinite Beam on Elastic Foundation.
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