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ONE-DIMENSIONAL MATHEMATICAL MODEL OF THE FLOW
THROUGH A COLLAPSIBLE TUBE WITH APPLICATIONS TO
BLOOD FLOW THROUGH HUMAN VESSELS

Stembera V.', Marsik F.%, Chlup H.>*

Summary: The simulation of the fluid flow through elastic pipes has a great
application in a blood flow through human vessels — investigation of such
phenomena as an atheriosclerosis generation in artery walls, the Korotkoff's
sounds generation or modeling of vascular mechanical substitutes (the so called
"stents") and is therefore widely studied. In this text we model the flow through
collapsible pipes by the time-dependent, spatially one-dimensional model
consisting of the balances of mass, momentum, and the coresponding material
law. The experimental research of the problem is our aim as well — we introduce
the new experimental set-up for testing the flow throw collapsible tube samples,
which has been currently finished at CVUT Praha.

1. MODELED SYSTEM

The system we study is the Starling resistor (see Fig. 1). The main part consists of the thin-
walled elastic tube of length / and the thickness /, where we assume /4 << /. The elastic tube
is surrounded by two rigid channels. The upstream rigid channel has the length / and the

downstream channel has the length /,. The cross-sectional area of the tube is denoted by
A(x,t) while the cross-sectional area of the rigid parts is denoted by A4,. The fluid flows

from the reservoir with the constant pressure p,. The downstream rigid part ends with the

restrictor connecting the system with zero pressure outside of the system. The flexible part of
the tube is located within the box with the constant pressure p, .

2. MATHEMATICAL FORMULATION

The model consists of three equations — the balance laws of mass, momentum, and the
corresponding material relation. The equation of balance mass for an incompressible fluid

with density p in an elastic tube of the cross-section 4= A(x,t) is
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Fig. 1 The Starling Resistor
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where v = v(x, t) is the fluid velocity. The balance of momentum has the form

=0, (2.1)
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where p = p(x,) is the fluid pressure, S,=7D, is the peripheral length of the internal

v|v , (2.2)

surface. The effect of the expected flow separation is replaced by the simple viscous friction
along the tube. The friction coefficient A, is expressed differently for the laminar flow

(Re<Re,, ) (derived using the assumption of the Poiseuille flow) and differently for the

turbulent flow (Re > Re_. ) (using an empirical formula see [2]) as follows
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A, = Re o ResRe (2.3)
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The local Reynolds number is taken in the form
Re=YA 2.4)
vD,

where v is the kinematic viscosity of the fluid. The viscoelastic properties of the elastic tube
wall are taken in the form

T 0°4 A 0A
D +P—Pe=‘b[zj+7§a (2.5)
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where y is the tube damping and 7 is the tube tension and p — p, is the so-called transmural
pressure. The material law (2.5) was proposed by Hayashi S. et al., 1998 ([1]).



The elastic part of the constitutive relation (2.5) is described by the function @ (z) (1D
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K, (1 - z_zj for the collapsed state 0 < z <1,

®(z)= (2.6)

K, (z-1) for the inflated state 1< z,

where K, and K, are stiffnesses of the flexible tube for collapsed and inflated state

respectively. The second additional term in the equation (2.5) is the tensile force taking the
curvature of the tube wall into account.

The material law (2.5) can be derived using the standard Hooke law. Starting with the
description of an elastic body

or, 821/[.
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where 7T is the stress tensor and u is the displacement vector, transforming equation (2.7) to

cylindrical ~ coordinates and using the assumption for the displacement

u= (u,, uw,uz) = (u,, (z), 0, 0) we derive the material law of the form

o*u u o*u
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The damping term in the material law (2.5) is replaced by the inertial term on the right hand

side of equation (2.8). Using the assumption of small deformations 4 = zr* = 7z(R0 +u, )2 =

= A, +S,u, denoting x =z we end up with
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The advantage of the equation (2.9) comparing to equation (2.5) is that it contains only
standard elastic constants.

The flow in upstream and downstream rigid parts is modeled by following two ordinary
differential equations
&, _p-p._*4 5,

dt ol 8 4, "

(2.10)
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where
1
Ps=Dp,+=pvl, pp=R4v,|v,|, (2.11)
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and R is the resistance of the restrictor. The pressure outside of the tube is zero.



3. NUMERICAL RESULTS

The system (2.1)-(2.6) and (2.11) was studied numerically using four different methods. All
of the methods give plausibly coincident results (see Fig. 2).

The system exhibits numerically three different qualitative behaviours: the collapse of the
elastic tube, the damping, and the self-excited oscillations (Fig. 2). The main question was
focused on the dependence of the frequency of the self-excited oscillations on the material
parameters K,,T, see Fig 3. The three stages of behaviour: collapse, damping and self-
excited oscillations are labeled by letters C, D and frequency, if the oscillations are periodic
and the frequency is well determined, otherwise labeled by letter X. The region of damping at
the bottom of the picture is expected due to the high stiffness of the tube.

The region of collapse at the top of the picture, i.e. when 4 comes to 0, is caused by the
low stiffness of the tube, but it is necessary to mention that all numerical methods have
difficulties converging if the cross-section 4 comes to value near 0. Therefore it is not clear
if cross-section A as part of the real solution of the original system of equations (2.1)-(2.6)
and (2.10) converges to 0 as well or if there still exist self-excited oscillations.

Surprisingly there is another damping region in the middle of the picture dividing the area of
self-excited oscillations into two halves, which we denote by / (an upper one) and /I (a
lower one). The real tube which was meassured by Hayashi S., et al. lies in region /
(K,=105Pa, T = 500 Pam, see [1]). We note that the solutions in the region [/ are

generally more irregular comparing to the solutions in the region /7. If we look at the
dependence of the frequency of self-excited oscillations on parameters K, and 7" we see that
the frequency decreases with an increase of parameters K, and 7 (an increase of the Young

modulus £) in region /I . In region / such dependence does not hold, which is possibly due
2

- in this region.
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Fig. 2 Convergence of the methods for 7 =800 Pam, K, =105 Paat x=0.955 m (dot -

the Crank-Nicholson method, dash - the Runge-Kutta method, solid - the BDF method,
thick solid - the Euler method). We note that the BDF and the Euler methods coincide.




Kp[Pa] —

T[Pam] || 39 55 80 105 130 155 180 205 230 255
300 C C C C 458 463 4,66 467 4,68 4,68
350 C C X 421 X X 468 471 471 4,72
400 X 68 X X X X X X 479 478
450 X X X 485 X 484 X 487 965 9,58
500 X X X X X X 492 975 974 D
550 X X X X 501 49 99 D D D
600 X X X 509 1003 D D D D D
650 X X 1013 D D D D D D D
700 X X D D D D D 352 3238 325
750 404 396 376 359 343 3,23 3,07 294 283 27
800 3,69 346 311 289 267 252 241 232 221 D
850 276 246 224 208 195 18 D D D D
900 186 167 145 135 D BB b B
a50 X D D D D D D D D D
1000 D D D D D D D D D D
1050 D D D D D D D D D D
1100 D D D D D D D D D D

Fig. 3 Qualitative behaviour of the model for different values of parameters 7 and K, for

1=1.004 x 10° m’s™'(C - collapse of the tube, D - damping of the tube, value - the
frequency of the self-excited oscillations [Hz], X - aperiodic self-excited oscillations).

The system of equations (2.1)-(2.4), (2.6) and (2.10) with material law (2.9) instead of
material law (2.5) was studied numerically as well. Only the damping state of behaviour were

observed — the system fails to exhibit the self-excited oscillations.

4. EXPERIMENTAL SET-UP

The experimental research of the problem is also our aim. The new experimental set-up for
testing the flow throw collapsible tube samples has been currently finished at CVUT Praha.
The diagram of the experimental setup is on Fig 4. The set-up is equiped by two elements
homogenizing the flow located at the begining and at the end of the collapsible tube sample.

The detail of the box surrounding the collapsible tube sample is depicted on Fig. 5.
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Fig. 4 The diagram of the experimental set-up. The box surrounding the collapsible tube is
surrounded by two elements homogenizing the flow.

Fig. 5 The box surrounding the collapsible tube sample in detail.
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