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DETERMINATION OF THE CORRELATION FUNCTION
OF THE ROTARY VIBRATION IN PLANE MOTION

H. Holka'

Summary: The aim of the present research was to investigate the method of
identifying the function of rotary vibration of the object in plane motion. The body
motion was defined in experiment with three sensors measuring displacement
against three axes. Matrix was developed which factored in the dependence of
linear displacement of the sensors on generalized coordinates, including polar
coordinate. Based on the analytical formula, a relationship was defined which is
correlation function of the polar coordinate.

Origin of the problem

The problem which will be analyzed in the present work generally refers to the question of the
isolation of the flexible multibodies system from environment vibrations, Fig.1.
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Fig. 1. Model multibodies object
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The objects examined are situated inside a flexible construction which is characterized by
its receptances. However, the flexible elements which insulate all the construction from
external oscillations and each object from the construction are described by their stiffness and
damping. The system described is kinematically forced by stationary and ergodic random
process. For the theoretical model described in such a way, equations of motion were
obtained. In order to verify the correctness of the formula obtained, an experimental model
was developed, Fig. 2, which was solved theoretically and then, to verify the results,
investigated in the experiment.

Fig. 2. Photo of the model

That model has some discrete masses each with three degrees of freedom-plane motion,
Fig. 3. The main objective of the work is how to determine the correlation function of the
rotary vibration by means of the knowledge of correlation of the longitudinal vibration.
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Fig. 3. Model of the body

Problem solution

Let us consider any element in plane motion. X;, X,, X; are assumed as the generalized

unknown coordinates. The first two coincide with the main central axes of the body inertia.
The third coordinate represents the rotary motion.



To define the three coordinates, it is enough to know the linear displacement of three body
points; and so three vibration meters are installed to the body investigated to measure the
displacements along the U3 axes.

U,=x,co0sA+x,sina—-x,-c
U, =—x,sina+x,cosa—x, -a (1)
U, =—x,sinA+x,cosa+x,-b

Formula (1) can be described in a form of matrix

cosa +sina -c| |x,
U,,}=|-sina +cosa -al| {x, (2)
—-sina +cosa +b| |Xx;

or
Uiz =A-X5 3)

If matrix A is a nonsingular matrix, then we can determine A" matrix and equation (3)
multiplied by A gives:

{X 1-3 } = [A]_1 ) {U173 } = % ) {U173 } =[Z] {U173 } (4)

where 4 stands for adjoint matrix of matrix A

A

A, A, A, A, Az A

A Ay, | =] A ) ) ()
A, 4, Ay PARY - Az

Matrix A is then the transpose matrix of algebraic complements matrix. Finally the
formula which defines x,, values searched for, assumes the following form (4)
Xy =Ly U+Zy,-Uy+ 2y, Uy
Xy =Ly Ui+Zy Uy + 2,5 U,y (6)
Xy =Ly -Uj+Zyp Uy + 255U,
where, as seen from equations (4), (5) and (6)
A
= A and in a more general form Z; = ﬁ
Now, based on the formulae obtained, we can define the parameters of the random process

which are interesting for us, however but we focus on the class of stationary and ergodic
processes.

The function of autocorrelation assumes the form of



R, (1)+ :E[x(t)-x(t+r)], (7)
where E is a symbol of averaging inside square brackets.
Substituting (6) to (7), we obtain
R = E[Z,, Uy(t)+ Z,,U(t)+ Z,,, - Us (1))

=(Zn1-U1(t+r)+Z,,2~U2(t+r)+Zn3-U3(t+r)] ®

multiplying
Ry = E|Z,2(U,(6)-Uy(t +1)+ 2, - Z,,U,(8)- U, (t+7)+
+ 2, 2U,(t)- Us(t+1)+Z,,Z,,U,(t)-U(t+T)
+2Z,,°U, () Uy (t +7)+ Z,,Z,5 - U, (£, (E +7)
+2Z,,-Z,Us () U (t+1)+ 2,5 - Z,,U,(t)-U,(t+T)
+ 22U, (t)- Uy (t+1)]
After multiplying (8) and placing constants Z2,, ZZ?,, Z2, and their mutual products
before symbol of averaging E, we obtain:
R = ZHEWU(8)- U (t +1)]+ Z, - Z,,E[U, (8)- U (t +7)]+
+Z,, Z s E[UL(8)- Uy (t +7) + Z,,Z . E[U,(t)- Uy (t +7)] +
+ ZZLE[U,(t)- Uyt +1))+ Z,,Z . E[U, (t)- U (t +7)] +
+Z,5Z fEU, (6)- Uy (t +1)]+ Z,5Z o E[U, (1) Uy (¢ +1)]+ ZZE[U, (1) - Uy (t+7)]

)

As products in ‘E’ represent the function of correlation and intercorrelation, then equation
(9) can be presented as

R =2 R+ 21 Z,p - Ryp (1) + 2y Zyy Ry (1) +
+Z.,-Z, RN+ Z%R (1) +Z 22,5 R pys + (10)
+Z,5 - 2Rz (1) + 25 - Z,pR 30 (T) + Z25R 5 (T)
The above equation can be given in a form of matrix:
Ru‘l‘l Ru12 Ru‘IB Zn1
Z,0Zps}| Rzt Ruzze Runs| 1Zn (11)
Ru31 Ru32 Ru33 Zn3

RX” = {Z

n1’

The function of autocorrelation of the sum of three processes requires the knowledge of
function of intercorrelation and autocorrelation of component processes.

Let us consider the function of Rys polar coordinate, equation (10). To determine it, the
following elements of matrix Z must be found: Z,,, Z,,, Z,, .

From equations (2) and (5) we obtain:



A
_AsA;  —sinacosa+sinacosa

A A a+b °
_,2\32 _ Ay —(cos*a+sin’a) 1
204 A a+b ~ a+b
Ass A, cos’a+sin®a 1

33 ~ = = =+
Al A a+b a+b

Absolute value |A| =a+b.
Substituting (13) to (12), we obtain:
R.,=22 R,,(T)+Zs - Zy R (1) +
+Z45  ZyyRy52(T)+ 22, - R 5(T),

Rx3 :( 1b] 'Ru2(T)_(L] Ru2u3(r)+

a+ a+b

1Y 1Y
_(a-l—bj Ru3u2(T)+(a+b] Ru3(T)

and then

Due to the following relationships between U, and Us values measured:

Ug(t>=§U2(t>,

the functions of correlation Ryy,3(t) and Ry3yo(t) in (15) assume the form of

R,3(T)= E[U3(t)~U3(t +T)]: (gj R,,(T)

Roua (1) = EU(0)-Us (£ +7)]= 2 E[U, Uyt +1)]= 2 R,u(0)

a

b
Ru3u2(T) = ERUZ (T)

Finally,
1) b b
Rol0=( 315 Raln)= g g Rat o
+ 2 b2 2 RUZ(T): (za_b)zz RUZ(T)
a“(a+b) a“(a+b)

2 Ruz (T)

(13)

(14)

(15)

(16)

(17)

(18)

Process variance 0x; is determined by comparing time t for autocorrelation function to

ZCro.



ox; = R,,(0) (19)

If, however, we wish to obtain the characteristics of the process in the frequency domain,
spectrum density is determined from Chinczyn relationship

1100

S, (w)= E_J;RXB (r)-exp(- iwr)dr, (20)
and, finally,
(a-b)3? ¢ .
=——72 R .(1)exp(—iwr)dr 21
M| 2rraz(a+b)2-[o (o (T)exp(-iwr) @1

Conclusions

The analysis presented showed that, it is possible to determine the correlation function of
rotary vibration from simple analytical formulae

Depending on what is needed, the results of calculation can be presented in transient or
frequency domain.
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